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Abstract
We give a formulation of linearized 11D supergravity in 4D, N = 1 super-
space keeping all eleven bosonic coordinates. The fields are fluctuations around
M = R4|4 × Y , where Y is a background Riemannian 7-manifold admitting a
G2 structure. We embed the 11D fields into superfield representations of the
4D, N = 1 superconformal algebra. These consist of the conformal graviton su-
perfield, seven conformal gravitino superfields, a tensor hierarchy of superfields
describing the 11D 3-form, and a non-abelian Kaluza-Klein vector multiplet gaug-
ing the tensor hierarchy by diffeomorphisms on Y . The quadratic action consists
of the linearization of a superspace volume term and a Chern-Simons action for
the gauged hierarchy coupled to the supergravity and gravitino superfields, and
the full structure is fixed by superconformal and gauge invariance. When this
action is projected to components, we recover the full linearized action of 11D
supergravity.
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1 Introduction
Superstring compactifications on Calabi-Yau three-folds give rise to effective four-
dimensional supersymmetric theories which have been extensively studied ever since
the seminal work of Candelas, Horowitz, Strominger and Witten [1]. As such, they
have been an important tool to construct semi-realistic models of particle phenomenol-
ogy. The massless spectrum is determined by topological properties of the Calabi-Yau
manifolds, and if fields are massive, their masses are too large to be observed at least
when the compactification scale is high.
More generally, supersymmetric string and M-theory backgrounds are obtained by
compactifying on manifolds that admit parallel spinors if fluxes are ignored. Even
though not directly related to semi-realistic models of particle physics, these back-
grounds have also been extensively studied. Manifolds with parallel spinors admit a
metric with special holonomy, and the choices of possible holonomy groups are enumer-
ated on Berger’s list (cf. e.g. [2]). The holonomy group SU(3), which is relevant for
compactifications on Calabi-Yau 3-folds, is only one entry on this list.
In this paper we continue to focus on compactifications of M-theory on G2-holonomy
manifolds, building off previous work [3–6]. Our goal is to construct the complete man-
ifestly 4D, N = 1 supersymmetric space-time action. By complete we mean including
all fields (also massive ones) to any order in fluctuations about a background. Super-
symmetry is kept explicit by working in superspace. This is a complex venture not free
of problems. The phenomenological ones will not be addressed here (although we have
attempted to present our results in a form useful for model building and applications).
These are, of course, very important and M-theory compactifications on G2-holonomy
manifolds might be a good framework to address vexing physics questions. So for ex-
ample, it has been argued in ref. [7] that non-perturbative corrections to the space-time
action could provide a natural framework to realize de Sitter space in M-(string-)theory.
Or it might be interesting to understand what type of non-abelian gauge groups can
be obtained once the G2-holonomy manifolds approach a singular limit. The list of
interesting phenomenological applications can surely be further expanded and we leave
these for future research. In this paper we resolve the theoretical hurdles instead.
Even though the construction of a manifestly supersymmetric space-time action is
of interest in its own right, the original motivation came from ref. [8]. That paper was
concerned with the fate of classical solutions of type II or M-theory of the form Rd×M ,
with M a G2-holonomy manifold, once perturbative corrections in α
′ or 1/r (r being
the radius of M) are included. In particular, is space-time supersymmetry spoiled by
these perturbative corrections, or is it possible to perturbatively modify the solution
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to preserve supersymmetry? Two approaches were taken. First, the supersymmetry
variation of the internal components of the gravitino was analyzed, and it was shown
that the internal metric could be corrected order-by-order to make the variation vanish,
provided that a closed 4-form and a closed 5-form were exact at each order. No σ-model
argument was found to explain why they should be exact. The second approach to the
question was via the D-dimensional effective theory, either 3D, N = 2 for type II or
4D, N = 1 for M-theory, including the full Kaluza-Klein towers of 10D or 11D fields.
In the language of this effective theory, supersymmetry can only be spoiled by the
generation of superpotential or FI terms, but these can be ruled out by combinations
of symmetry and holomorphy arguments (the latter relying on the structure of 4D,
N = 1 off-shell superspace). In fact, a closer analysis of the F- and D-term equations
reveals the existence of an exact 4-form and an exact 5-form at each order which were
conjectured to correspond to those in the first part. The expectation was that the two
approaches were related by two choices of regularization scheme in the σ-model.
However, the effective field theory analysis in ref. [8] was somewhat speculative
because the theory had never really been constructed, even in the classical limit (α′ →
0 or r → ∞). The arguments in ref. [8] (as is done there, we will phrase things
in 4D, N = 1 language) involved only vector multiplets and chiral multiplets (and
assumed that the 4D 2-forms Cmn i, m,n being 4D indices, i being internal, can be
dualized into scalars which sit inside the chiral multiplets), even though there is no
consistent action involving these fields alone. Rather, the assumption was that in the
full theory, including also Kaluza-Klein towers of spin-3
2
and spin-2 multiplets, the
essential symmetry and holomorphy arguments would remain valid. There is no reason
to believe that this assumption is false, but the absence of an explicit construction of
the effective theory, even in the classical limit, is somewhat unsatisfying. This paper
is part of a research program, the goal of which is the construction of the 4D, N = 1
effective theory that is the classical limit of the theory discussed in ref. [8]. Having
it in hand would lift the arguments in that paper from speculative to concrete and
would open the possibility of studying corrections to the theory, relations to σ-model
regularization schemes, corrections to the geometry of the G2 moduli space, and other
interesting questions.
In refs. [3–5] we constructed two important terms of the space-time action in 4D,
N = 1 superspace that, after reducing superfields to components, agreed partially with
the space-time action obtained when 11D supergravity is compactified on a G2-structure
manifold. Even though the superspace and Kaluza-Klein actions were strikingly close
(for example, the complete non-linear potential for the metric scalars is reproduced
exactly) there were still some differences. These appeared already at the level of field
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content. As it turned out, the map between the fields arising from the Kaluza-Klein
reduction of 11D supergravity [9] and the components of the superfields in refs. [3–5] was
not one-to-one: Some of the latter did not have an M-theory interpretation. Even then,
those fields with an M-theory interpretation were not correctly treated in superspace:
When reduced to components some parts of the action in refs. [3–5] did not agree with
the Kaluza-Klein result. To characterize these problematic terms, it is easiest to place
4D superfields into representations of the G2 structure group. Then any kinetic term
involving fields in the 7 representation of G2, which could be space-time scalars or gauge
fields, did not agree with the Kaluza-Klein result.
In this paper we solve these two problems. Specifically, we show how to accommo-
date all component fields in the Kaluza-Klein reduction of 11D supergravity into 4D,
N = 1 superfields without introducing superfluous component fields. As argued already
in ref. [5], key to this analysis are the gravitino superfields and the new gauge symme-
tries they imply. As we explain below, this also gives the correct kinetic terms for the
fields in the 7 representation of G2 from superspace. In this paper we work to second
order in fluctuations about a background given by four-dimensional Minkowski space
times a G2-holonomy manifold. The non-linear analysis is tractable but will appear in
ref. [10], since the details would distract from the main points of this paper.
In the next section, we begin with a review of the action as constructed in refer-
ences [3–5]. In section 3, we linearize this action around a background of the form
R4|4 × Y where Y is a Riemannian 7-manifold with fixed G2 structure. This is then
completed by coupling to 4D, N = 1 conformal supergravity and the previously-missing
seven conformal gravitino superfields to quadratic order. The gauge structure of this
action allows for a Wess-Zumino gauge in which only those component fields present
in 11D supergravity remain. (Our result is summarized in §3.4, to which the reader
familiar with such superspace constructions can skip directly.) In section 4, we project
the linearized action to these components, demonstrating explicitly the matching of
the terms and their coefficients to the Kaluza-Klein result. We recapitulate the salient
points of the resulting description of 11D supergravity in terms of N = 1 superfields
in section 5 and outline extensions of this result. Some we are already exploring, such
as the full action to linear order in the seven gravitino superfields. Many other appli-
cations have not yet been worked out, but we indicate a few directions for future work
we find particularly promising. Finally, three appendices are included for completeness
on technical and quantitative details of G2 geometry (§A), linearized 4D, N = 1 su-
pergravity (§B), and 4D, N = 1 conformal gravitino superfields (§C). (The analysis in
appendix C was carried out for general gravitino representations and has applications
to similar constructions in dimensions other than eleven.)
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2 Review and Overview
Our goal is to embed the components of 11D supergravity into 4D, N = 1 super-
fields and to construct the complete two-derivative 11D action in terms of them. In this
section, we review those parts of the construction already worked out in refs. [3–5]. In
section 2.1, we recall how to reduce the components of 11D supergravity to 4+7 dimen-
sions. These are embedded into N = 1 superfields. The superfields accommodating the
11D 3-form give rise to a tensor hierarchy. In section 2.2 we recall that the structure
of this tensor hierarchy uniquely fixes the superspace Chern-Simons action. Similarly,
the Ka¨hler action is strongly constrained, as we discuss in section 2.4. The resulting
component action reproduces many terms of the 11D action. In section 2.5 we describe
the remaining mismatch and how it will be resolved.
2.1 Decomposition of Eleven-Dimensional Supergravity
The components of 11D supergravity consist of the frame field em
a, the gravitino
field ψαm, and the 3-form Cmnp. Here m,n . . . = 0, . . . , 10 are coordinate indices,
a, b . . . = 0, . . . , 10 are tangent indices, and α,β . . . = 1, . . . , 32 are Majorana spinor
indices. The two-derivative 11D supergravity action is given by [11]
κ2S11 =
1
2
∫
d11x e
(
R− 1
48
(Fmnpq)
2
)
− 1
12
∫
C ∧ F ∧ F (2.1)
+
1
2
∫
d11x e
(
−iψ¯mγmnpDnψp + 1
192
ψ¯rγ
rγmnpqγsψsFmnpq
)
+ . . .
where we suppress ψ4 terms for simplicity. Here R and D are the Ricci scalar and
covariant derivative constructed from the frame and spin connection, and F = dC is
the 4-form field strength.
Locally we treat the 11D space-time as a direct product X × Y with X and Y
describing 4- and 7-dimensional manifolds respectively. This involves decomposing
coordinate indices as m → m, i with m,n, · · · denoting GL(4) indices and i, j, · · ·
denoting GL(7) indices; tangent space indices as a → a, i with a, b, · · · = 0, . . . , 3
denoting SO(1, 3) and i, j, · · · = 1, · · · , 7 denoting SO(7) indices; and spinor indices as
α→ (α⊗ I, .α⊗ I), with α and .α denoting chiral and antichiral Spin(1, 3) ∼= SL(2;C)
indices and I denoting a Spin(7) index.
If all supersymmetries are kept on equal footing, it is natural to augment the Spin(7)
symmetry (which is an R-symmetry from the 4D perspective) to SU(8) [12]. This
matches the full R-symmetry group of 4D, N = 8 supergravity, both ungauged [13] and
6
metric gravitino 3-forms 2-forms (axial-)vectors (pseudo-)scalars spinors
gmn gmn — — — gmi gij —
1 1 0 0 0 7 28 0
Cmnp — — Cmnp Cmni (Cmij) (Cijk) —
1 0 0 1 7 21 35 0
ψαm — ψ
α
m, ψ
α
mi — — — — χ
α
ij , χ
α
ijk
1 0 1 + 7 0 0 0 0 21 + 35
Table 1: Component spectrum for the 11→ 4 + 7 split.
The reduction of 11D supergravity fields gives rise to a mixture of forms of various degrees. After
dualizing axial-vectors and 2-forms, we find a total of 7 + 21 = 28 vectors, 28 + 7 = 35 scalars, and 35
pseudo-scalars of N = 8 supergravity [13]. The 3-form is non-dynamical on-shell. Axial-vectors and
pseudo-scalars are marked with parentheses.
gauged [14], and permits the scalar fields of the theory to be interpreted as parameter-
izing an E7(7)/SU(8) coset space. Then the eight gravitini and 56 spin-
1
2
fermions are
grouped into irreducible representations of SU(8). If instead the goal is to maintain
manifest 4D, N = 1 supersymmetry, one of the eight gravitini ψαIm must be separated
from the rest. This can be achieved by taking
ψαIm = ψ
α
mη
I + iψαmi(Γ
i)IJ η¯J , (2.2)
where ηI is a fixed complex spinor that selects out the preferred N = 1 supersymmetry
and Γi = Γjej
i in terms of the Spin(7) gamma matrix Γi. The additional seven gravitini
ψαmi now carry a GL(7) index. A similar decomposition applies to the other 56 fermions,
leading to spinors χαij and χ
α
ijk, which are totally antisymmetric in their GL(7) indices.
Dealing with the internal components gij of the metric rather than with the internal
vielbein, all fields can thus be chosen to carry GL(7) indices rather than SO(7) or
Spin(7) indices. We summarize this field content in table 1.
To count degrees of freedom it is convenient to dualize the seven space-time 2-forms
Cmni into seven scalars. When combined with the 28 metric scalars gij, they can be
arranged into a 3-form ϕijk. Invertibility of the metric requires this 3-form to be non-
degenerate in a suitable sense (reviewed in appendix A). When pulled back to Y , this
condition defines a G2 structure [15, 16]. Together with the 35 pseudo-scalars Cijk,
these gravitational scalars can embedded into superspace as the lowest components of
a chiral pseudo-scalar superfield Φijk.
Note, however, that we will not be dualizing the seven space-time 2-forms into
scalars, because this procedure obscures the gauge structure of the tensor hierarchy.
Nevertheless, we will still embed the 28 metric scalars and 35 pseudo-scalars into a chiral
7
p lowest component constraints prepotential top component
0 Fα = DαF D¯
2DF = 0 F = 1
2i
(Φ− Φ¯) Fa = σa[D, D¯]F
1 Fαa = (σa)α .αW¯
.
α DW¯ = 0 & D¯W¯ = DW W = −1
4
D¯2DV Fab = DσabW + c.c.
2 Fα .αa = (σa)α .αH D
2H = 0 H = 1
2i
(DΣ− D¯Σ¯) Fabc = ǫabcdσd[D, D¯]H
3 Fαβab = (σab)αβG D¯G = 0 G = −14D¯2X Fabcd = iǫabcdD2G+ c.c.
Table 2: Conventional embedding of p-forms in closed superforms.
The component p-forms are embedded into closed super (p + 1)-form field strengths F as originally
shown in [17]. Each field strength can be written in terms of an invariant scalar or spinor superfield.
These satisfy constraints that can be solved in terms of prepotentials. Overall numerical constants
have been neglected in the first and last columns.
superfield Φijk. Consequently there are 35 − 28 = 7 additional scalars not accounted
for in the list of fields obtained by dimensional reduction. We will later see that these
additional seven scalars are pure gauge degrees of freedom. Similarly, we embed the
remaining components of the 11D 3-form into an abelian tensor hierarchy of superfields
[3]. This is a chain complex of superforms constructed from the de Rham complex on
Y tensored with the super-de Rham complex on R4|4. The forms in this complex are
charged under diffeomorphisms on Y and so couple to the non-abelian Kaluza-Klein
vector field Aia = −eai. Any such complex of superforms, also known as a non-abelian
tensor hierarchy, has a Chern-Simons-like invariant SCS [4, 6]. We now turn to the
details of this embedding.
2.2 3-form Hierarchy and Chern-Simons Action in Superspace
Four-dimensional p-forms are embedded into superfields as summarized in table
2 [17, 18]. As a guiding principle it is useful to note that the gauge transformation
of a p-form is formally identical to the field strength of a (p − 1)-form and similarly
for their Bianchi identities. In terms of super-p-forms1 FA1...Ap, the lowest-dimension
non-vanishing component is indicated in the first column. Analyzing the Bianchi iden-
tities, the higher components are found in terms of superspace derivatives of the lowest
component [17, 18] (see also app. A of ref. [6]).
This description of p-forms in 4D, N = 1 superspace can be extended to accom-
modate both the dependence on the additional seven coordinates [3] and the minimal
coupling to the non-abelian gauge field of the Kaluza-Klein vector [4]. First, the non-
1Here A1, A2, . . . are 4D, N = 1 superspace indices.
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abelian connection Ai is added to the N = 1 superspace derivative,
DC = DC −LAC , (2.3)
where L denotes the Lie derivative on Y . This can be separated into the de Rham
differential ∂ on Y and the contraction operator ι using Cartan’s formula, LV = ∂ιV +
ιV∂. The field strength Wαi of the non-abelian connection is defined by
[Da, D¯ .α] = −(σa)α .αLWα. (2.4)
This definition implies the conditions [18–20]
D¯ .αWαi = 0 and DαWαi = D¯ .αW¯
.
αi . (2.5)
The invariant field strengths of the p-form hierarchy can be written in terms of prepo-
tentials as
E = ∂Φ (2.6a)
F = 1
2i
(
Φ− Φ¯)− ∂V (2.6b)
Wα = −14D¯2DαV + ∂Σα + ιWαΦ (2.6c)
H = 1
2i
(DαΣα − D¯ .αΣ¯ .α)− ∂X − ω(Wα, V ) (2.6d)
G = −1
4
D¯2X + ιWαΣα . (2.6e)
Here, Φ and Σα are chiral superfields while V and X are real unconstrained superfields.
All fields are differential forms on Y . The composite superfield ω is the Chern-Simons
superfield; for any p-form scalar superfield v,
ω(Wα, v) := ιWαDαv + ιW¯ .αD¯
.
αv + 1
2
(ιDαWαv + ιD¯ .αW¯
.
αv) . (2.7)
Its name derives from the fact that −1
4
D¯2ω(Wα, v) = ιWαχα, where χα = −14D¯2Dαv
is the field strength superfield of v, is a product of field strengths. (This is then the
superspace analog of dω ∼ F ∧ F .)
The prepotential superfields transform covariantly under both non-abelian internal
diffeomorphisms as well as the abelian tensor hierarchy gauge transformations
δΦ = LτΦ + ∂Λ (2.8a)
δV = LτV +
1
2i
(
Λ− Λ¯)− ∂U (2.8b)
δΣα = LτΣα − 14D¯2DαU + ∂Υα + ιWαΛ (2.8c)
δX = LτX +
1
2i
(DαΥα − D¯ .αΥ¯ .α)− ω(Wα, U) . (2.8d)
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The abelian part of the gauge transformation is parameterized by the superfields Λij
(chiral), Ui (real), and Υα (chiral) encoding the components of an eleven-dimensional
super-2-form. The non-abelian parameter τ i is a real superfield describing internal dif-
feomorphisms. The field strengths (2.6) are invariant under the abelian transformations
but transform as p-forms under internal diffeomorphisms.
Having been given explicitly in terms of the prepotential superfields, the field
strengths identically satisfy the Bianchi identities
0 = −∂E (2.9a)
1
2i
(
E − E¯) = ∂F (2.9b)
−1
4
D¯2DαF = −∂Wα − ιWαE (2.9c)
1
2i
(DαWα − D¯ .αW¯ .α) = ∂H + ω(W, F ) (2.9d)
−1
4
D¯2H = −∂G− ιWαWα (2.9e)
D¯ .αG = 0 . (2.9f)
Just as in 4D, N = 1, these identities are the superspace analogs of dF = 0 [6].
The Chern-Simons action
∫
C ∧ F ∧ F can be embedded in superspace by first
constructing the superspace analogue of the closed 8-form F ∧ F . When rewritten in
4+7 dimensions, this form generates a hierarchy of 4D p-forms with 8−p internal indices
for p = 1 through p = 4. These four p-forms are embedded into N = 1 superfields as [6]
F = 1
2
(E + E¯)F (2.10a)
Wα = EWα − i4D¯2(FDαF ) (2.10b)
H = 1
2
(E + E¯)H + ω(W,F )− iDαFιWαF + iD¯ .αFιW¯ .αF (2.10c)
G = EG+ 1
2
W αWα − i4D¯2(FH) (2.10d)
with wedge products suppressed. Here, the Chern-Simons superform ω(W,F ) is con-
structed analogously to (2.7) but with contraction replaced by wedge product:
ω(Wα, v) := W
α ∧ Dαv + W¯ .α ∧ D¯
.
αv + 1
2
DαWα ∧ v + 12D¯ .αW¯
.
α ∧ v . (2.11)
These satisfy the descent relations (2.9) expressing the fact that the superform F ∧ F
is closed in the extended super-de Rham complex provided F is [6]. Because of these
closure relations, the action
SCS =
1
κ2
∫
d4x
∫
Y
LCS ,
LCS = − i
12
∫
d2θ (ΦG+ ΣαWα)− 1
12
∫
d4θ (VH−XF) + h.c. (2.12)
is invariant under the non-abelian tensor hierarchy transformations (2.8).
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κ2
∫
d7y
∫
d4x
∫
d4θ
∫
d2θ Dα ∂i G(X) H(Σ) Wα(V ) F (Φ) W(V)
∆ 0 0 −4 2 1 1
2
0 3(2) 2(3
2
) 3
2
(0) 0(0) 3
2
(0)
w 0 0 0 0 −2 −1 0 2(0) 0(1) 1(0) 0(0) 1(0)
d −9 −7 −4 2 1 1
2
1 0(−1) 0(−1
2
) 1
2
(−1) 0(0) 1
2
(−1)
Table 3: Superconformal weights (∆ and w) and engineering dimension (d) of various
objects
2.3 Symmetries of the Superspace Embedding
Eleven-dimensional supergravity is invariant under the global “trombone” scaling
symmetry [21]. This means one may assign engineering dimension to each 11D com-
ponent field so that the 11D Planck constant κ2 appears as an overall factor, as we
have already chosen in eqn. (2.1). Of course, the 4D Chern-Simons action must retain
this feature; but, moreover, it possesses a global 4D, N = 1 superconformal symmetry,
which is due to its p-form origin. In table 3, we give the global conformal (∆) and
chiral U(1)R (w) weights as well as the engineering dimension (d) of the various fields
and operators. They are useful when studying superconformal interactions beyond the
linearized approximation and in constructing models with this field content.
2.4 Ka¨hler Action
The Chern-Simons action (2.12) contains at the component level the 11D Chern-
Simons action as well as kinetic terms for the vector fields. But to recover the kinetic
terms for the scalars and 2-forms, an appropriate Ka¨hler term must be added. Keeping
in mind the superconformal weights and engineering dimensions of table 3, the Ka¨hler
term can be specified up to an undetermined function H as
SK = − 3
κ2
∫
d4x
∫
d7y
∫
d4θ
√
g(F ) (G¯G)1/3H . (2.13)
Here g(F ) = det(gij(F )) is the determinant of the Riemannian metric on Y obtained
from the G2-structure 3-form by replacing ϕijk with the superfield Fijk for which it is
the background value. This Hitchin-like functional [15, 16] serves here as a measure
term necessary for covariance under internal diffeomorphisms. The factor of (GG¯)1/3
is chosen to provide the appropriate superconformal weight. The remaining function
H must be weight-less and transform as a scalar under internal diffeomorphisms. For
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a two-derivative action, it may depend only on Fijk, G, and Hi and, in order to be a
weight-less scalar, only in a specific combination:
H = H(x) with x := (G¯G)−2/3gijHiHj . (2.14)
The uniqueness of 11D supergravity means that the function H(x) must be fixed by
extended supersymmetry. In a forthcoming publication [10], we confirm this, give its
explicit form, and explain its origin from 11D. As we will be working to quadratic
order in this paper, we will need only the two lowest-order terms in the x-expansion.
Reference [5] showed that matching certain kinetic terms in 11D supergravity as well
as the scalar potential required that H(0) = 1. We define the first correction
c := H′(0) . (2.15)
Requiring invariance under linearized extended supersymmetry (§3.3.3) will fix c = −1
4
.
A few comments are in order. First, the chiral superfield G is closely related to
the conformal compensator of 4D, N = 1 supergravity. Its conformal weight and its
role in the action suggest its identification as Φ30 where Φ0 = e
σ is the chiral superfield
compensator in old minimal supergravity. The fact that G is built from a real prepo-
tential X rather than a complex one means that it is a constrained chiral multiplet:
One of its auxiliary scalar fields is replaced by the dual of the 4-form field strength
Fmnpq of eleven-dimensional supergravity. We review the construction of old minimal
supergravity and this modification in appendix B.
2.5 Faithful Embedding and Compensating Superfields
We have embedded the components of eleven-dimensional supergravity up through
spin-1 into 4D, N = 1 superspace, but in doing so we have been forced to introduce
additional components not present in the 11D spectrum of table 1. We list in table
4 the component fields of the various superfields of the non-abelian tensor hierarchy.
Compared to the 11D spectrum, there are 16 additional scalar fields: two from the
lowest component of the chiral superfield G, seven from Hi, and another seven from
Fijk. The latter arise because, as mentioned at the end of section 2.1, Fijk should
encode only the 28 degrees of freedom of the internal metric. (Using the background
value of Fijk as the G2-structure 3-form, the scalars in Fijk may be decomposed into
G2 representations as 35 = 27 ⊕ 7 ⊕ 1. The troublesome scalars are contained in the
7.) There is a similar surfeit of fermions. Aside from the expected 56 fermions χij
and χijk, there are 15 more: ζ , ζi, and ζ
i. In addition to this overcounting of the spin
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3-forms 2-forms vectors scalars spinors auxiliaries
X Cmnp — — G ζ
α dX
Σαi — Cmni — Hi ζ
α
i —
Vij — — Cmij — χ
α
ij dij
Φijk — — — Cijk, Fijk χ
α
ijk fijk
V i — — gmi — ζαi di
Table 4: Component spectrum of Chern-Simons prepotentials
We present the component fields contributed by the gauged Chern-Simons hierarchy. As explained
in the text, the bosons G, Hi, and seven of the Fijk can all be removed by a choice of Wess-Zumino
gauge. Similarly, the fermions ζ can be gauged away or vanish on-shell (by the auxiliary field ρ of the
gravitino multiplet).
≤ 1 degrees of freedom, the N = 1 description does not yet encompass the spin-3
2
and
spin-2 degrees of freedom.
It was proposed in [5] to introduce the graviton by minimally coupling to N =
1 conformal supergravity. This can be done either covariantly—by introducing an
appropriate measure E and defining a curved space covariant derivative ∇A to replace
DA—or by explicitly coupling to the gravitational prepotential Ha [18, 20]. As we
review in appendix B, this is a real, Lorentz 4-vector-valued superfield analogous to the
Yang-Mills prepotential. Using the Pauli matrices (σa)α .α, we can write any real vector
as a Hermitian matrix Hα .α.
2 Under linearized local superconformal transformations,
this superfield transforms as
δHα .α = D¯ .αLα −DαL¯ .α , (2.16)
defining it as an irreducible superspin-3
2
representation. Its component field content is
given in table 5 and consists of the 4D vierbein em
a, the N = 1 gravitino ψm
α, and the
(non-propagating) U(1)R gauge field dm. Due to the local superconformal symmetry,
the trace of the graviton and the gamma-trace of the gravitino are absent and supplied
instead by the compensator G via its bottom component |G| and the fermion ζ . In
addition, the phase of G is eaten by the U(1)R gauge field, becoming the massive
vector auxiliary field of modified old minimal supergravity.
The remaining superfluous fields, corresponding to two sets of seven fermions ζ i and
ζi and the two sets of seven scalars inHi and in the 7 projection of Fijk may naturally be
2In this work, we will freely switch back and forth between real 4-vectors and Hermitian matrices
using Hα .α = σ
a
α
.
αHa and Ha = − 12 σ¯
.
αα
a Hα
.
α. In such conversions, contractions give factors of −2:
Hα .αH
α
.
α = −2HaHa.
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conformal vierbein conformal gravitini auxiliaries
Ha em
a ψαm dm
Ψαi — ψ
α
mi ymi, t
−
abi, ραi
Table 5: Component spectrum of superspin-3
2
and superspin-1 superfields
explained as compensators for various symmetries introduced by the N = 1 formalism
but not present in the 11D dynamics. This is the interpretation advocated in [5], where
it was demonstrated that the (complete non-linear) scalar potential of the component
theory is reproduced under the assumption that the lowest components of Hi and G can
be gauged to 0 and 1 respectively. Although it was not mentioned in [5], the correct
normalizations for all spin-0 and spin-1 kinetic terms were also recovered except for
those in the 7 of G2. Based on these facts, it was proposed that the inclusion of the
superfields for the additional gravitini resolves the remaining 7 problem as well.
In section 3, we will finally prove these claims by explicitly constructing the lin-
earized gravitino couplings and the associated additional gauge symmetries. We briefly
sketch the mechanism here by reviewing the N = 1 multiplet of a single extra grav-
itino living purely in four dimensions; details are provided in appendix C. The 4D,
N = 1 gravitino is described by a spinor superfield Ψα subject to the linearized gauge
transformations [22]
δΨα = Ξα +DαΩ , (2.17)
where Ξα is chiral and Ω is an unconstrained complex superfield. The physical content
of this multiplet is sketched in table 5 and consists of the spin-3
2
gravitino, an auxiliary
(non-propagating) complex vector field ym 6= y¯m, an auxiliary anti-self-dual antisym-
metric tensor t−ab, and an auxiliary fermion ρα. The large gauge freedom ensures that the
gravitino may be taken to be gamma-traceless, while the vector field ym is a gauge field
subject to (complex) abelian gauge transformations. It is important to note that while
the dimensions of the bosonic auxiliaries are such that they may appear quadratically
in a two-derivative action, the auxiliary fermion must appear as a Lagrange multiplier.3
In eleven dimensions, we have seven such superfields Ψαi. The fermionic Lagrange
multipliers ραi can kill the seven extra spinors ζ
αi, while ζαi can provide the missing
3These features can be understood by considering the field content of 4D N = 2 conformal super-
gravity [23]. Then ym corresponds to part of the SU(2)R gauge field, t
−
ab is the bosonic auxiliary field,
and ρ corresponds to one of the fermionic auxiliaries χi. The additional N = 2 constituents fill out an
N = 1 vector multiplet.
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gamma-trace of the gravitini. Meanwhile, the complex gauge vectors ymi can eat the
remaining 14 extra bosonic degrees of freedom.
As we will show, this is manifested at the superfield level, where we must assign Ξ
and Ω transformations to the prepotentials of section 2.2, and in doing so, it becomes
apparent that some of their degrees of freedom may be removed. For example, Σαi must
be chosen to transform as a Stu¨ckelberg field under Ξ as δΣαi = −Ξαi, which allows it
be gauged away. These steps lead to the proper 11D spectrum. As we have mentioned,
some of the kinetic terms in the 7 require correction terms. These terms (and only
these terms) are expected to receive correction, since the complex vectors ymi and the
self-dual tensors t−abi naturally couple only to kinetic terms for the propagating fields;
when these auxiliaries are integrated out, the kinetic terms in the 7 are modified. In
appendix C, we demonstrate this explicitly for the linearized action.
3 Linearized Eleven-dimensional Superspace Action
Because we do not know a priori the correct non-linear version of the gravitino
transformation (2.17) or the corresponding matter field transformations, we cannot
immediately couple the gravitino to the full action. One solution to this problem
would be to dimensionally reduce 11D superspace to reconstruct the necessary N = 1
superfields. As we are interested only in the linearized action for the moment, a simpler
and more expedient approach is to just bootstrap the necessary transformations via the
Noether procedure.
We begin by linearizing the prepotentials about a fixed (on-shell) N = 1 supersym-
metric background. For simplicity, we will take the 4D space-time to be Minkowski
(super)space but we will let Y have an arbitrary (but fixed) G2 structure. Backgrounds
being on-shell, the G2 3-form ϕijk(y) must be closed and co-closed. We turn off all
background flux, so that the background 3-form potential Cijk vanishes. This fixes the
background value of Φ to 〈Φijk〉 = iϕijk. We take 〈Vij〉, 〈Σαi〉, and 〈V i〉 to vanish to
eliminate any space-time flux. Because G is interpreted as a scale compensator, its
background sets the Planck scale. In the normalization of (2.13), this corresponds to
〈G〉 = 1, which amounts to setting 〈X〉 = θ2.
To find the quadratic action describing fluctuations about this background, we re-
place
Φijk → iϕijk + Φ˜ijk , Vij → V˜ij , Σαi → Σ˜αi , X → θ2 + X˜ (3.1)
and work to second order in the tilded fields. The linearized field strengths of the tensor
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hierarchy are defined as
F˜ =
1
2i
(Φ˜− ¯˜Φ)− ∂V˜ , (3.2a)
W˜α = −1
4
D¯2DαV˜ + ∂Σ˜α , (3.2b)
H˜ =
1
2i
(DαΣ˜α − D¯ .α ¯˜Σ
.
α)− ∂X˜ , (3.2c)
G˜ = −1
4
D¯2X˜ , (3.2d)
and these obey the Bianchi identities
∂F˜ =
1
2i
∂(Φ˜ − ¯˜Φ) , (3.3a)
−1
4
D¯2DαF˜ = −∂W˜α , (3.3b)
1
2i
(DW˜ − D¯ ¯˜W ) = ∂H˜ , (3.3c)
−1
4
D¯2H˜ = −∂G˜ , (3.3d)
D¯ .αG˜ = 0 . (3.3e)
For increased readability, we will drop the tildes from now on.
For the moment, we neglect the non-abelian gauge prepotential V i except for its
field strength Wαi. Then the second-order Ka¨hler and Chern-Simons Lagrangians are
LK =
√
g
∫
d4θ
[
− 1
3
GG¯− 1
9
(F1)
2 − 1
12
(F7)
2 +
1
12
(F27)
2
+ cHiHjg
ij − 1
18
(G+ G¯)ϕijkFijk
]
, (3.4)
LCS =
∫
d2θ
[
1
4
G∂Φ ∧ ϕ− i
8
Φ ∧ ∂Φ + 1
8
W α ∧Wα ∧ ϕ
+
i
4
∂Σα ∧ ıWαϕ ∧ ϕ−
1
24
ıWαϕ ∧ ıWαϕ ∧ ϕ
]
+ c.c. (3.5)
where c is the as-yet-undetermined constant (2.15). To derive this result, one needs the
expression (A.12) for the Hitchin metric (A.11) on the space of 3-forms, which leads to
the perturbative expansion√
g(F )√
g(F0)
= 1 +
1
18
F ijk0 Fijk −
1
2
Gijk,mnp0 FijkFmnp +O(F
3)
= 1 +
1
18
ϕijkF1ijk − 1
2 · 18
(
−4
3
F 2
1ijk − F 27ijk + F 227ijk
)
+O(F 3) . (3.6)
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Here the bold subscripts denote the projection of Fijk onto the corresponding G2 repre-
sentations with the background F0ijk = ϕijk. The explicit form of the projectors is given
in (A.4). These Lagrangians are incomplete: We require couplings to the explicit non-
abelian gauge prepotential V i, the (conformal) supergravity prepotential Hα .α, and the
gravitino superfield Ψαi, which we work out sequentially in the next three subsections.
3.1 The Non-Abelian Gauge Prepotential
We pause to remind the reader of the distinction between covariant and chiral gauge
transformations in N = 1 superspace. (For a more complete discussion, we refer to the
textbooks [18–20].) In a covariant framework, gauge transformations involve uncon-
strained (usually real) parameters and the transformation rule of a superfield resembles
that of its the bottom component. In addition, the superspace derivatives carry a
connection, which transforms as a connection should, mirroring the structure of gauge
theories in components. Chiral superfields are chiral with respect to the covariant
derivative, which is why they may transform with an unconstrained gauge parameter.
The gauge prepotential is not explicitly present; rather it is encoded in the covariant
derivative and in the chiral superfields themselves.
Until this point, we have used a covariant framework for the non-abelian gauge
transformations. The non-abelian gauge prepotential V i was already encoded in the
Ka¨hler (2.13) and Chern-Simons actions (2.12) through the covariant derivative (2.3)
and the covariantly chiral superfields. We will need to work with the prepotential explic-
itly, since it will eventually be required to transform under the hidden supersymmetry.
While it could be unpackaged from these objects, the easiest way to restore it in the
second-order approximation is to use the Noether method. Since the only y-dependent
background is 〈Φijk〉 = iϕijk, the only superfields that transform under the linearized
non-abelian gauge transformations are Φijk and V i itself. Their transformations are4
δV i = λi + λ¯i , δΦ = 2iLλ〈Φ〉 = −2Lλϕ , δΦ¯ = −2iLλ¯〈Φ¯〉 = −2Lλ¯ϕ , (3.7)
where λi is chiral and λ¯i is antichiral. Here and henceforth, Φ is chiral with respect
to the flat superspace derivatives DA. A straightforward calculation shows that the
following terms must be added to LK
LK ∋ √g
∫
d4θ V i
[
i ∂i(G− G¯)− 1
3
ϕjkl(∂[iΦjkl] + ∂[iΦ¯jkl])
]
, (3.8)
while LCS is gauge-invariant on its own.
4One way to motivate these transformations is that in a convenient gauge, the covariantly chiral Φ
is given by e−iLVΦ, which transforms as in (2.8) with τ i = i(λi − λ¯).
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3.2 Coupling to N = 1 Supergravity
As we have already mentioned, the superfield G for the space-time 4-form field
strength enters the action in a way that suggests it is a conformal compensator. For
this reason, we ought to be able to construct a locally superconformal quadratic action
by coupling to the (conformal) supergravity prepotential Hα .α. Local N = 1 super-
conformal transformations are encoded in an unconstrained spinor superfield Lα under
which Hα .α transforms as (2.16). G must also transform as
δG = −1
4
D¯2DαLα ⇒ δX = DαLα + D¯ .αL¯
.
α , (3.9)
which is consistent with the interpretation of G as the conformal compensator of (mod-
ified) old minimal supergravity. We review this formulation of 4D, N = 1 supergravity
in appendix B. Covariantizing the GG¯ term of LK leads to the linearized (modified)
old minimal supergravity Lagrangian (cf. eq. (B.5)),
LK ∋ √g
∫
d4θLOMSG ,
LOMSG = −13G¯G+ 2i3 (G− G¯)∂aHa −HaHa
+ 1
8
D2HaD¯
2Ha − (∂aHa)2 + 148([Dα, D¯ .α]Hα
.
α)2 . (3.10)
Because we have set the background value of G to 1, we should no longer refer to the
conformal or U(1)R weights of any quantities. However, since G does not carry engineer-
ing dimension, this remains a useful weight. In particular, Lα must carry engineering
dimension d = −3
2
. Then it is not possible to assign linearized Lα transformations
to any of the other tensor hierarchy prepotentials on dimensional grounds. (Choosing
δΣαi ∝ ∂iLα would violate chirality.)
What about the rest of LK? In order to covariantize the (G + G¯)ϕ
ijkFijk term in
(3.4), we can replace it with the combination
LK ∋ √g
∫
d4θ
[
− 1
18
(
G+ G¯− 1
2
[Dα, D¯ .α]H
.
αα
)
ϕijkFijk
]
. (3.11)
Under Lα transformations, the part of Fijk involving Φijk drops out, but we are left
with the piece involving ∂[iVjk]. This can be rearranged to the combination
δLK ∋ √g
∫
d4θ
[
−1
2
∂iL
αWαjkϕ
ijk
]
, (3.12)
which is invariant under the abelian tensor hierarchy transformations. However, it
cannot be countered by introducing a term involving Hα .α. Similarly, the term (3.8) we
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wish to add to restore gauge invariance under the non-abelian gauge group gives an Lα
transformation that cannot be canceled. The most we can do is to covariantize it by
replacing (3.8) with
LK ∋ √g
∫
d4θ V i
[
∂i
(
i(G− G¯)− 2∂aHa
)− 1
3
ϕjkl(∂[iΦjkl] + ∂[iΦ¯jkl])
]
, (3.13)
so that the Lα transformation simplifies to
δLK ∋ √g
∫
d4θ
[−i ∂iLαWαi] . (3.14)
The only other term in LK that requires covariantization is the (Hi)
2 term, since the
field strength Hi depends on ∂iX and X transforms according to (3.9). However, this
again leads to an Lα transformation that cannot be countered by Hα .α itself.
Finally, eleven-dimensional Lorentz invariance requires that we add to LK the
“mass” term for the conformal graviton [5]∫
d4θ (∂iH
a)2 = −
∫
d4θ Ha∂i∂iHa (3.15)
normalized to combine with the HaHa term in (3.10) to give the 11D d’Alembertian.
5
The reason it must be explicitly included is that while mass terms are often generated
by integrating auxiliary fields out of the component action, this term carries spin-2 and
none of the auxiliary fields carry spin > 1. However, this also leads to a ∂iLα term.
It does not seem possible to make LK invariant under Lα transformations just by
coupling to Hα .α. In fact, we encounter the same problem when taking the Lα transfor-
mation of the Chern-Simons Lagrangian LCS, which can be written
δLCS =
∫
d4θ
[
i
2
∂Lα ∧DαF ∧ ϕ+ c.c.
]
, (3.16)
again with the same combination of ∂iLα.
All of these problems have the same solution. While none of the other tensor
hierarchy fields may transform under Lα, the conformal gravitino superfield can, as it
carries the same superspin as Lα. In the next section, we will see how this works.
3.3 The Conformal Gravitino Superfield
Now we will show how to incorporate the seven missing conformal gravitino su-
perfields Ψαi and construct their couplings to the “matter” superfields of the previous
5As we review in appendix B, the other quadratic terms for Ha in (3.10) vanish in the superspace
Lorentz gauge (B.9).
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Hα .α Ψαi V i Lα Ξαi Ωi ζ i
d −1 −1
2
−1 −1
2
−1
2
−1 −1
Table 6: Engineering dimensions
Engineering dimension (d) of the graviton, gravitini, and Kaluza-Klein prepotentials and their gauge
parameters. Because 〈G〉 = 1, we do not assign conformal and U(1)R weights.
section. Being the least familiar multiplet in our construction, we give a self-contained
presentation of the 4D, N = 1 “matter gravitino” in appendix C.
The conformal gravitino multiplets have a large linearized gauge transformation
δΨαi = Ξαi +DαΩi + 2i ∂iLα , i = 1, . . . , 7 (3.17)
with chiral parameter Ξ and complex unconstrained Ω describing the irreducible superspin-
1 multiplet: At the component level, Ψ contains only spins 3
2
and 1. The inclusion of
∂iLα is necessary to counter all of the ∂iLα-dependent terms.
6 We have already men-
tioned that the engineering dimension of Lα must be d = −32 . This determines the
engineering dimension of Ψ and Ξ to be d = −1
2
and that of Ω to be d = −1. We record
these in Table 6 along with the engineering dimensions of Hα .α and V.
3.3.1 Linearized Ka¨hler Action
First, let us see how the Lagrangian LK may be made fully Lα-invariant. The only
way to covariantize the mass term is to replace ∂iH
a with the combination [24]
Pα .α i :=
1
2i
(
D¯ .αΨαi +DαΨ¯ .αi
)− ∂iHα .α . (3.18)
This is both Lα and Ξ-invariant. Thus the ΞL-covariantized mass term (3.15) becomes
√
g
∫
d4θ gijPaiP
a
j . (3.19)
Similarly, to covariantize the (Hi)
2 term, we can define the combination
Hi := Hi +
1
2i
(
DαΨαi − D¯ .αΨ¯
.
α
i
)
. (3.20)
6The factor of 2i in (3.17) just fixes the normalization and phase of Ψαi.
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This effectively replaces Σαi in the definition of Hi with Σ + Ψ. This combination can
also be made Ξ-invariant provided the 2-form gauge superfield shifts as7
δΞΣαi = −Ξαi . (3.21)
Countering the residual transformations (3.12) and (3.14) requires
LK ∋ √g
∫
d4θ
[
1
2
Ψαi
(
W iα −
i
2
Wαjkϕ
ijk
)
− i
4
ϕijkΨαi ∂jΨαk + c.c.
]
. (3.22)
The first term gives the necessary counter-terms, while the second ensures that the full
combination is Ξ-invariant.
Including all of the terms, we have found
LK =
√
g
∫
d4θ
[LOMSG + P 2ai + cH2i + LY + LV] (3.23)
consisting of the following parts:
• LOMSG is the Lagrangian of (modified) old minimal supergravity in the quadratic
approximation (3.10), see appendix B. This covariantizes the GG¯ term in the
quadratic action under Lα.
• The P 2 term is the L-covariantization (3.19) of the graviton mass term (3.15) by
the gravitino superfield.
• The quadratic term in the 3-form field strength Hi comes from expanding the
function H in (2.13). Here, Hi is covariantized to Hi (3.20) when coupling to
the gravitino. As discussed in section 2.4, H(x) = 1 + cx + O(x2) for some real
constant c (2.15). Requiring invariance under the Ω transformations that describe
extended supersymmetry will determine c = −1
4
.
• LY consists of all terms arising from the expansion of the Riemannian volume
density on Y ,
LY = −19F 21ijk − 112F 27ijk + 112F 227ijk − 118
(
G+ G¯− 1
2
[Dα, D¯ .α]H
.
αα
)
ϕijkF1ijk .
(3.24)
This contains not only the kinetic terms of the scalars but also the interaction
term between the 4D trace of the metric and the volume modulus ϕijkF1ijk of Y .
7Since these are superfields of the same type (both chiral), the Ξ parameter could be used to
eliminate Σαi; however, when we go to components, we will use the Ξ transformations to instead
impose Wess-Zumino gauge for Ψαi (cf. §C.1).
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• Finally, LV is the covariantization under non-abelian gauge transformations (i.e.
the internal diffeomorphisms on Y )
LV = V i
[
∂i
(
i(G− G¯)− 2∂aHa
)− 1
3
ϕjkl(∂[iΦjkl] + ∂[iΦ¯jkl])
]
. (3.25)
This gives the component coupling of the Kaluza-Klein gauge field, which appears
when one extracts the connection from the covariant derivative (2.3).
3.3.2 Quadratic Chern-Simons Action
Now let us make the Chern-Simons Lagrangian (3.5) invariant as well. It helps to
first rewrite it as
LCS =
∫
d2θ
[
− i
8
Φ ∧ ∂Φ + 1
4
G∂Φ ∧ ϕ+ 1
8
W α ∧Wα ∧ ϕ
− 1
24
ıWαϕ ∧ ıWαϕ ∧ ϕ
]
+ c.c.− 1
2
∫
d4θ ∂H ∧ ıVϕ ∧ ϕ . (3.26)
As before, we replace Hi with Hi given by (3.20). This is not actually necessary for
Lα invariance (since Hi appears under the Y differential), but it ensures Ξ-invariance
of this term. Under an Lα transformation, we have already found (3.16), which can be
canceled by adding the additional term
LCS ∋ −1
4
∫
d4θ [Ψα ∧DαF ∧ ϕ+ c.c.] . (3.27)
Remarkably, the Ξ transformation of this term precisely cancels that of the (Wα)
2 term
in (3.26). This feature is quite non-trivial and relies upon the Bianchi identity (3.3b).
The resulting Lagrangian
LCS =
∫
d2θ
[
− i
8
Φ ∧ ∂Φ + 1
4
G∂Φ ∧ ϕ+ 1
8
W α ∧Wα ∧ ϕ
− 1
24
ıWαϕ ∧ ıWαϕ ∧ ϕ
]
+ c.c.
+
1
2
∫
d4θ
[
∂H ∧ ıVϕ ∧ ϕ− 1
2
Ψα ∧DαF ∧ ϕ− 1
2
Ψ¯ .α ∧ D¯
.
αF ∧ ϕ
]
(3.28)
is invariant under both Lα and Ξα. This can be rewritten with explicit indices as
LCS =
∫
d2θ
[
− i
288
ǫijklmnpΦijk∂lΦmnp +
1
24
G ϕ˜ijkl∂iΦjkl
+
1
32
ϕ˜ijklW αijWαkl +
1
4
WαiWjα gij
]
+ c.c.
+
∫
d4θ
[
−∂iHj ϕijkVk − 1
24
Ψαi DαFjkl φ˜
ijkl − 1
24
Ψ¯ .αiD¯
.
αFjkl φ˜
ijkl
]
. (3.29)
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The F-term contains both the G2 superpotential Φ∂Φ and the kinetic terms for the
vector multiplets.
3.3.3 Invariance under Extended Supersymmetry
We have not yet discussed the Ω part of the linearized gravitino transformation.
Requiring gauge invariance of the combined Ka¨hler-Chern-Simons action must fix the
linearized Ω transformations of the other fields. These turn out to be
δΦijk = − i
2
ϕ˜ijklD¯
2Ω¯l , (3.30a)
δVij = − i
2
ϕijk(Ω
k − Ω¯k) , (3.30b)
δV i = −1
2
(Ωi + Ω¯i) , (3.30c)
with Σαi, X , and Hα .α invariant. While they can be determined directly by requiring
invariance of the action, the structure of the transformations (up to normalization)
can be determined purely on the grounds of symmetry and a few observations. These
transformations also fix the constant in (2.15) to c = H′(0) = −1
4
.
Let’s briefly motivate why the structure of the Ω transformations must be of this
form. Since they are linearized, they may contain only the background metric and ϕijk
in addition to Ω and its derivatives. The engineering dimension forbids any derivatives
from appearing in δVij and δV i while δΦ’s dimension and chirality permit only D¯2.
To determine that D¯2 acts on Ω¯ rather than Ω (or both), one must recall that Ω
appears in its defining transformation (3.17) under a Dα, so it can be shifted by an
anti-chiral superfield. This is a superfield version of a gauge-for-gauge symmetry, and
it is necessary so that the physical content of Ω (and Ξ) are precisely enough to adopt a
proper Wess-Zumino gauge condition for Ψ. (We will discuss the physics of this in the
next section.) This gauge-for-gauge symmetry is manifestly maintained in δΦ only for
D¯2Ω¯, while for δVij and δV i the shift in Ω¯ can be countered by a certain non-abelian
λi transformation combined with an abelian Λij transformation. Finally, the phase in
δΦijk and the requirement that the imaginary part of Ω be used for δVij and the real
part for δV i can be determined by requiring invariance under space-time parity.
3.4 Assimilation and Summary
We now collect all the terms we have worked out for the linearized eleven-dimensional
supergravity action. This section summarizes our main result.
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The complete action for eleven-dimensional supergravity (to quadratic order in
fields) is given by the sum of the Ka¨hler (3.23) and Chern-Simons actions (3.29). As
we have emphasized, this action is invariant under a large set of superspace gauge
transformations:8
1. The abelian tensor hierarchy transformations [3] (cf. 2.8)
δATHΦijk = 3∂[iΛjk] (3.31a)
δATHVij =
1
2i
(
Λij − Λ¯ij
)− 2∂[iUj] (3.31b)
δATHΣαi = −14D¯2DαUi + ∂iΥα (3.31c)
δATHX =
1
2i
(
DαΥα − D¯ .αΥ¯
.
α
)
. (3.31d)
2. The non-abelian gauge transformations (i.e. the internal diffeomorphisms) with
chiral parameter λi [3] (cf. (3.7))
δλV i = λi + λ¯i , (3.32a)
δλΦijk = −6 ∂[i(ϕjk]lλl) . (3.32b)
The transformation of Φijk can be interpreted as a certain abelian Λij transfor-
mation. This means one can choose to define a covariantized non-abelian trans-
formation that is often easier to work with:
δ′λV i = λi + λ¯i , (3.33a)
δ′λVij = −iϕijk(λk − λ¯k) . (3.33b)
3. The superconformal gravitino transformations with chiral parameter Ξαi and com-
plex parameter Ωi
δΞΩΨαi = Ξαi +DαΩi (3.34a)
δΞΩΦijk =
1
2i
ϕ˜ijklD¯
2Ω¯l (3.34b)
δΞΩVij =
1
2i
ϕijk(Ω
k − Ω¯k) (3.34c)
δΞΩΣαi = −Ξαi (3.34d)
δΞΩV i = −12(Ωi + Ω¯i) . (3.34e)
8All fields transform under the full supergravity gauge group, but we are presenting only the non-
vanishing linearized transformations here. The non-linear corrections are important for the full action,
but we defer this to future work.
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4. The local superconformal transformations with parameter Lα under which
δLHα .α = D¯ .αLα −DαL¯ .α (3.35a)
δLX = D
αLα + D¯ .αL¯
.
α (3.35b)
δLΨαi = 2i ∂iLα . (3.35c)
We present the complete linearized action invariant under these transformations in
terms of D- and F-term integrals
S =
1
κ2
∫
d4x d7y
∫
d4θ LD +
1
κ2
∫
d4x d7y
[∫
d2θ LF + h.c.
]
(3.36)
in 4D, N = 1 superspace extended to Y . Putting together the pieces of the previous
sections, we find the quadratic Lagrangians to be
LD = −HaHa + 1
8
D2HaD¯
2Ha − (∂aHa)2 + 1
48
([Dα, D¯ .α]H
α
.
α)2
− 1
3
G¯G+
2i
3
(G− G¯)∂aHa (3.37a)
− 1
18
(
G+ G¯− 1
2
[Dα, D¯ .α]H
α
.
α
)
ϕijkFijk − 1
9
F 2
1ijk −
1
12
F 2
7ijk +
1
12
F 2
27ijk (3.37b)
− 1
2
[
∂iHα .α − 1
2i
(D¯ .αΨαi +DαΨ¯ .αi)
]2
− 1
4
[
Hi +
1
2i
(DαΨαi − D¯ .αΨ¯
.
α
i )
]2
(3.37c)
+
1
2
{
Ψαi
[
W iα −
i
2
ϕijk(∂jΨαk +Wαjk)− 1
12
ϕ˜ijklDαFjkl
]
+ h.c.
}
(3.37d)
+ V i
[
i ∂i(G− G¯)− 2 ∂i ∂aHa − 1
3
ϕjkl(∂[iΦjkl] + ∂[iΦ¯jkl])
− ϕijk∂j
(
Hk +
1
2i
(DαΨαk − D¯ .αΨ¯
.
α
k )
)]
(3.37e)
LF = − i
288
ǫijklmnpΦijk∂lΦmnp +
1
24
ϕ˜ijklG∂iΦjkl
+
1
32
ϕ˜ijklW αijWαkl +
1
4
gijWαiWjα . (3.37f)
We have organized the terms as follows:
(3.37a) This is the action of linearized old minimal supergravity (3.10).
(3.37b) These are the terms (3.24). They describe the “radion coupling” between the
4D and 7D volume terms and Fijk kinetic terms.
(3.37c) Quadratic gravitino terms and “mass” terms for the prepotentials Ha and X of
modified old minimal supergravity have the sum-of-squares form as follows from
L-invariance.
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(3.37d) This includes the gravitino current, describing the linear couplings of Ψ to the
Kaluza-Klein gauge fields, the Y components of the 3-form, and the “mass” of
the gravitino.
(3.37e) Kaluza-Klein gauge field couplings are needed to covariantize the linearized
diffeomorphisms of Y . In a more covariant description, these couplings are hidden
in the covariant derivative D (2.3).
(3.37f) The F-term contains the G2 superpotential Φ∂Φ [8] and gauge kinetic terms.
The gauge symmetry (3.34b) (or more precisely (C.10)) explains the consistency
of this superpotential for the first time.
This action and its gauge transformations are the main result of this paper. We
have endeavored to present it in a way that motivates the roles of the myriad parts and
how they relate to one another under. Pragmatically, the presentation of the foregoing
sections can be skipped, and the claim that the action (3.36—3.37) is invariant under
the transformations (3.31—3.35) can be checked directly.
In the next section, we project our action to components to demonstrate explicitly
that this is indeed the superspace representation of the linearized action of eleven-
dimensional supergravity.
4 Components
We now want to confirm that the Lagrangian (3.37) produces the correct component
action of eleven-dimensional supergravity on M = R4 × Y and elucidate the required
auxiliary field mechanisms. The part of the Lagrangian with all derivatives and po-
larizations along R4 corresponds to 4D, N = 1 supergravity, while the part with all
derivatives and polarizations along Y (corresponding to the scalar potential in 4D) was
demonstrated at the fully non-linear level in [5]. Thus, we will mainly be interested in
the mixed part at the linearized level.
To compare to the quadratic approximation of the eleven-dimensional component
action of reference [9], we rewrite that result in terms of G2 representations. Using
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various G2 identities which we collect in appendix A leads to the Lagrangian
κ2L(2) = − 1
8
(∂chab)
2 +
1
4
(∂bhab)
2 +
1
8
(∂ah)
2 +
1
4
h∂a∂bhab (4.1a)
− 1
8
(∂ihab)
2 +
1
8
(∂ih)
2 (4.1b)
+
1
36
(
∂a∂bhab −h
) (
ϕijkF1ijk
)
(4.1c)
− 3h∂i(τ1)i (4.1d)
− 1
8
(F iab)2 +
1
2
∂ah
ab∂iAib −
1
2
∂ah∂iAia (4.1e)
− 1
96
F 2abcd −
1
24
F 2abc i −
1
16
(
F 2
7 ab ij + F
2
14 ab ij
)
(4.1f)
+
1
18
(∂aφ1ijk)
2 − 1
24
(∂aφ27ijk)
2 − 1
24
(
F 2
1 a ijk + F
2
7 a ijk + F
2
27 a ijk
)
(4.1g)
+
21
16
τ 20 + 15τ
2
1 −
1
8
τ 22 −
1
24
τ 23 (4.1h)
− 7
4
σ20 − 9σ21 −
1
24
σ23 (4.1i)
The notation and structure of this action are as follows:
(4.1a) is the linearized four-dimensional Einstein-Hilbert action (B.21).
(4.1b) extends the derivatives on the linearized metric to Y . From the point of view of
four-dimensional compactifications, these look like mass terms for the graviton.
(4.1c) gives the “radion coupling”, that is, the coupling between the graviton and the
volume modulus of Y .
(4.1d) gives the analogous coupling with Y derivatives. The torsion class τ1 is the
7-projection (A.13a) of ∂[iFjkl], the differential of the fluctuation around the G2-
structure 3-form.
(4.1e) are the kinetic terms and spin-2 mixing terms of the Kaluza-Klein gauge field
(mixed components of the frame) Aia = −eai. At quadratic order, this is the
entire contribution to the action from this field. (There is no ϕijkF iabF ab jk7 term;
the combination that appears instead is the cubic term CijkF iabF ab jk7 , which we
ignore in the quadratic approximation.)
(4.1f) are the covariantized kinetic terms for the 3-form Cabc, seven 2-form Cabi, and
twenty-one 1-form Caij components of the eleven-dimensional 3-form Cabc.
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(4.1g) gives the kinetic terms for the scalars. The first two terms are those for the 28
metric scalars gij written in terms of the differential of the fluctuations around
the G2-structure 3-form. (These have no 7 part.) The remaining terms are the
projections of the covariantized kinetic term of the 35 scalars Cijk.
(4.1h) is the Einstein-Hilbert term 1
2
√
gR(g) on Y written in terms of torsion classes
(A.13a) using a result due to Bryant [25]. From the four-dimensional point of
view, these resemble potential terms.
(4.1i) gives the Maxwellian contribution − 1
4·4!
√
gF 2ijkl on Y in a form analogous to
(4.1h). These also look like potential terms from the four-dimensional perspective.
We now confirm that our Lagrangian (3.37) reproduces the bosonic components
(4.1), beginning with the parts that have already been verified. The first line (4.1a)
is the linearized gravity action. It comes from the component projection (B.21) of
linearized old minimal supergravity which we review in appendix B. The last two lines
(4.1h) and (4.1i) have already been confirmed at the non-linear level in reference [5]. It
was also mentioned there that the first term in (4.1f) was used to fix the G-dependence
of the volume functional (2.13). The coefficient of the mass term for the spin-2 field (the
first one in line (4.1b)) must be the same as the first term in the pure gravity sector
(4.1a). This becomes clear when working in transverse-traceless gauge wherein the
statement amounts to one of 11D Lorentz invariance. (Lorentz invariance guarantees
that the trace mass works as well, but we will discuss it in more detail after we have
understood the terms in the 7 representation.)
The kinetic terms for fields in the 14 and 27 are particularly simple to work out
as these are not corrected by integrating out any auxiliary fields. (The only vector
auxiliaries are in the 1 and 7 representations of G2.) As an example, we check the
27. Consider the components that would result from the terms (3.37b = 3.24) in the
superfield Lagrangian. (These arose from the expansion (3.6) of the Hitchin functional
and the superspace volume measure.) To obtain the coefficient of F 2
27a ijk, we need only
take into account a factor of −1
2
that results from the component projection9 to get
−1
2
× 1
12
= − 1
24
. Since the (∂aφ27ijk)
2 term is the partner of this, it gets the same factor.
Next, consider the terms φ1 and F1a in (4.1f) and (4.1g). The first of these comes
out correctly from the expansion (3.24) with the same factor: −1
2
× (−1
9
) = 1
18
. Since
F1aijk is the pseudoscalar partner of ∂aφ1, it too will come with a factor of
1
18
. However,
9The fermionic integral of the square of one of the field strengths F gives
∫
d4θF 2 = − 12 (∂aF )2 −
1
2F
2
a + . . . where the ellipses stand for fermionic terms and auxiliary fields. On the right-hand
side F stands for the θ → 0 component of the superfield F and Fa is the θ → 0 projection of
− 14 (σa)
.
αα[Dα, D¯ .α]F .
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this field strength couples to the conformal supergravity auxiliary field da (B.21) giving
a correction
4
3
d2a +
1
18
daϕijkFa ijk =
4
3
(
da +
1
48
ϕijkFa ijk
)2 − 4
3
· 42
482
F 2
1 a ijk → − 772F 21 a ijk, (4.2)
where we used (ϕijkFa ijk)
2 = (ϕijkF1a ijk)
2 = 42F 2
1a ijk (A.3). This changes
1
18
→
1
18
− 7
72
= − 1
24
, which is the correct coefficient. We thus reproduce the terms in (4.1f)
and (4.1g).
Next, we will look at the radion couplings (4.1c) which come from the first term in
(3.37b). In the Wess-Zumino gauge adopted in §B.1,
1
36
∫
d4θ [Dα, D¯ .α]H
α
.
αϕijkFijk =
1
36
∂a∂bhspin-2ab ϕ
ijkFijk + · · · (4.3)
gives one of these couplings directly for the traceless part of the metric (B.11), and
− 1
18
∫
d4θ
(
G+ G¯
)
ϕijkFijk = − 148hϕijkFijk − 18ϕijkdij∂kh+ · · · (4.4)
gives couplings involving the trace of the metric, h = 8
3
ReG (B.20a). Together, these
give the correct radion coupling (4.1c) in the basis in which the spin-0 part of the
metric is separated out: 1
36
(∂a∂bhab − h) = 136∂a∂bhspin-2ab − 148h. The elided term in
(4.3) involves da, which we have already accounted for, while those in (4.4) involve the
auxiliary fields of G, Vij and Φijk already included in the analysis of [5], where they
were shown to generate e.g. the correct normalization of the 3-form kinetic term. This
leaves the term that involves the 7-projection dk := 1
6
ϕijkdij (A.5a) of the auxiliary field
of Vij. Additional terms involving this projection come from the F
2 terms in (3.37b)
and the ϕ˜WW the term in (3.37f) which were important in [5] in obtaining the correct
τ1 contribution to the scalar potential. Here they will contribute to the trace mass in
(4.1b) and the mixed term (4.1d). Explicitly, we find
− 1
8
ϕijkdij∂kh− 2ϕijkdij(τ1)k + 14 ϕ˜ijkldijdkl
= −3
4
dk∂kh− 12dk(τ1)k − 6d2k + 14-term (4.5)
where we used (A.7). Integrating out dk gives
3
2
· (1
8
)2
(∂ih)
2 − 3
4
h∂i(τ1)i . (4.6)
There are two other sources contributing to such terms. The first is due to the 7
projections f i (A.5b) of the Φ auxiliaries fijk. The square of these terms comes from
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the F 2 part of the Ka¨hler action with the linear terms coming from the Chern-Simons
terms making up the first line of (3.37f)
− 1
24
|fijk|2 + 124 · 38 ϕ˜ijklRefijk∂lh = −12(Refk)2 + 316Refk∂kh+ . . . (4.7)
where the ellipses stand for terms irrelevant to this calculation. Integrating out Ref i
gives (
3
8
)2
(∂ih)
2 − 9
4
h∂i(τ1)i . (4.8)
The second contribution comes directly from the 2-form field strength Hi in (3.37c).
This term gives only a trace mass correction −1
4
∫
d4θ(∂iX)
2 = −1
2
·(3
8
)2
(∂ih)
2. Adding
this to (4.6) and (4.8), we find(
3
8
)2 [1
6
+ 1− 1
2
]
(∂ih)
2 +
[−3
4
− 9
4
]
h∂i(τ1)i =
3
32
(∂ih)
2 − 3h∂i(τ1)i (4.9)
giving the correct mixed term (4.1d). Recombining with the traceless part of the metric
−1
8
(∂ihab)
2+ 1
8
(∂ih)
2 = −1
8
(∂ih
spin-2
ab )
2+(− 1
32
+ 4
32
)(∂ih)
2 shows that this is also the correct
trace mass (4.1b).
4.1 Component Fields in the 7 Representation of G2
Now we finally come to the analysis of the recalcitrant terms in the 7 representation
of G2. For this, we apply the general analysis of the gravitino and its compensators
worked out in detail in appendix C. To understand what this general analysis implies
for eleven-dimensional supergravity, we compare the Lagrangians (C.18) and (3.37).
This gives the coefficients
a = −1
4
, b =
1
2
, and c = −1
4
(4.10)
for linearized eleven-dimensional supergravity. Substituting into the component result
(C.27), gives (using A.6)
L(
−
1
4
,
1
2
,
1
2
) = 1
16
H˜ iaH˜
a
i − 14F ai F ia − 38F abi F iab − 18Fabi F iab
= − 1
24
(Fabci)
2 − 1
24
(F7aijk)
2 − 1
16
(F7abij)
2 − 1
8
(F iab)2 (4.11)
These are the correct coefficients of the 7-projection of the component theory as found
in lines (4.1f), (4.1g), and (4.1e). Note that the cancellation of (∂aFi)
2 ∝ (∂aF7ijk)2 is
important to recover the eleven-dimensional theory, since the 7 projection of Fijk does
not correspond to any physical field.
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At this point we have verified all the components in (4.1) except for the ∂h∂A terms
in (4.1e). These terms are not subtle, coming directly from (3.37e): The third V∂Φ
term contributes only to the potential [5] and the first two integrate to∫
d4θ V i∂i
[
i(G− G¯)− 2∂aHa
]
= ∂iAia
[
1
2
∂bh
spin-2ab − ∂aReG]
= 1
2
∂iAia
[
∂bh
ab − ∂ah] . (4.12)
This completes the verification that the superspace action (3.36) reproduces the bosonic
action (4.1) of eleven-dimensional supergravity in the quadratic approximation.
5 Conclusions and Outlook
We have extended the construction of the embedding of eleven-dimensional su-
pergravity into 4D, N = 1 superspace of ref. [5] to quadratic order in the gravitino
superfield Ψαi. This extension is needed to prove that the spectrum is represented
faithfully in terms of 4D, N = 1 superfields, and to show that the dynamics of the
eleven-dimensional components is that required by eleven-dimensional Poincare´ invari-
ance. The result is that the action is given by (3.36) in terms of the Lagrangian (3.37).
In addition to being manifestly invariant under local 4D, N = 1 supergravity trans-
formations (3.35), the complete action is invariant under the tensor hierarchy gauge
transformations (3.31) and (3.32) and the extended supersymmetry transformations
(3.34). This level of approximation (i.e. to quadratic order in the gravitini) suffices
to demonstrate the consistency of this superspace description of eleven-dimensional
supergravity. (In particular, it realizes the linearized gauge symmetry and associated
compensator mechanism advocated in [5].)
Additionally, we expect it to be adequate for most applications. For example, al-
ready at this level, the conformal graviton propagator and all other superspace Feyn-
man rules needed for perturbative calculations can be deduced as was done for five-
dimensional supergravity in ref. [26].
There are three directions in which we are currently extending this analysis. The
first is that we would like to complete the quadratic gravitino action to all orders in
the remaining fields. (The analogous O(Ha,Ψ) but all orders in remaining fields has
already been worked out and will be presented in a separate article [10].) Secondly, we
would like to construct the terms cubic and higher in the gravitino multiplet. Although
this may initially appear a daunting task, current results suggest that it is possible to
construct fields strengths invariant under the Ξ transformations. As the Ka¨hler part
of the action is non-polynomial in the field strengths F , H , G, and W, this fact goes
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some way toward generating all of the higher-order terms. Finally, the tight structure
of this formulation of eleven-dimensional supergravity seems well-suited to the study of
higher-derivative corrections to the action, although this may be easier to demonstrate
once we have presented the non-linear couplings [10]. (The coupling of the gravitino
multiplets to conformal supergravity of [27] might be useful in this context.)
Besides the immediate extensions just mentioned, and which are needed to really
complete the embedding of M-theory into 4D, N = 1 superspace, there are some ap-
plications of this result and lower-dimensional analogues which could be worked out.
First, closely related to the present story should be the superspace description of type
IIA string theory compactified on G2-structure manifolds. Our choice to focus on M-
theory on G2-structure backgrounds was motivated by minimality: Eleven-dimensional
supergravity has the most economic field content of all higher-dimensional supergravity
theories, and 4D, N = 1 is the most familiar superspace. Describing type IIA string
theory in superspace is potentially messier given the larger number of fields but can, in
principle, be obtained from our formalism by dimensional reduction.
Potentially less straightforward is the description of type IIB string theory on G2-
structure backgrounds. It would be interesting to work this out to elucidate how mir-
ror symmetry is realized in superspace. In fact, quite recently, a proposal for mirror
symmetry for G2-manifolds applicable to the twisted connected sum construction of
ref. [28] was made in ref. [29]. It should then be possible to find a map between the
(super)space-time actions for type IIA and type IIB string theory compactified on mir-
ror G2-manifolds, resembling the c-map in ref. [30]. In addition to mirror symmetry,
other dualities can be considered. In the context of duality between M-theory, heterotic,
and F-theory we could try to make contact with the recent paper [31], at least in the
case of smooth manifolds.
Another scenario that would be worth exploring in our formalism is the case when
the internal manifold has a resolved orbifold singularity, as discussed in [32]. For a local
model, we would consider internal manifolds of the form M ×Q, where M is a resolved
ADE singularity and Q is a three-manifold. Away from the singular point, the massless
fields give only a U(1)r gauge group corresponding to the harmonic 2-forms on M , but
as we approach the singular limit, various massive fields become light and the gauge
group enhances to something non-abelian. In terms of the space-time effective action,
there is a contribution to the superpotential in the form of a complex Chern-Simons
invariant on Q, as explained in [32]. Since we are keeping all KK-modes, we might be
able to usefully study this limit, see more direct evidence for the enhancement, and
compute the relevant superpotential terms.
In flux compactifications there is typically a warp factor multiplying the space-
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time part of the metric, and this has complicated the analysis of the effective theory,
particularly for the purposes of constructing an N = 1 superspace action [33]. Our
approach is applicable to those scenarios and has the potential to simplify the analysis
substantially.
It would also be interesting to make contact with ref. [34] where the space-time
action for massless fields obtained from a compactification of eleven-dimensional super-
gravity on twisted connected sum G2-manifolds was presented. In our analysis all fields
(not only the massless ones) are taken into account so we could, for example, compute
the gravitino mass matrix and analyze how it behaves in various limits (for example, as
a function of the gluing modulus). It would, of course, be interesting to develop these
ideas further and analyze the (super)space-time action for compactification of the extra
twisted connected sum type of ref. [35], particularly since this might help elucidate
the physical significance of the new homotopy invariant introduced by Crowley and
Nordstro¨m in ref. [36]. Also quite recently, a new construction of G2-holonomy mani-
folds was found in ref. [37], and it would be interesting to consider the corresponding
(super)space-time action. In short, there has been a proliferation of new results in the
mathematics literature concerning G2-holonomy manifolds and it will be fascinating to
work out the physical implications.
Finally, it would be desirable to understand the truncations of this formulation of
eleven-dimensional supergravity to other dimensions. This would make contact with
(and potentially simplify) the phenomenological literature on five-dimensional super-
gravity [24, 26, 38–41] and extensions to six-dimensions [42–44].
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A G2 in a Nutshell
In this appendix, we collect some useful definitions and formulæ of G2-structure
manifolds [2, 15, 16, 25, 45]. Let ϕ be a 3-form on Y and define the symmetric bilinear
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form gij(ϕ) through the non-linear equation
√
ggij := − 1144ǫabcdefgϕiabϕcdeϕjfg , (A.1)
where g = det(gij). The 3-form ϕ is stable if this determinant is non-zero everywhere
and positive if, in addition, gij is a Riemannian metric. These are open conditions,
so if we start at a three-form for which they hold, then they will also hold for nearby
three-forms. Throughout this paper, we will assume that these conditions hold without
further qualification.
Using the metric, we define the Hodge dual
ϕ˜ := ∗ϕ . (A.2)
This equation is highly non-linear in ϕ since the ∗ operation is non-linear in g(ϕ) which
is, itself, non-linear in ϕ. The tensors ϕ, g(ϕ), and ϕ˜(ϕ) satisfy the algebraic identities
ϕ˜ijklϕ˜i′j′k′l = 6δ
[i
[i′δ
j
j′δ
k
k] − ϕi′j′k′ϕijk − 9δ[i[i′ϕ˜j′k′]jk] ,
ϕijkϕij′k′ = 2δ
j
[j′δ
k
k′] − ϕ˜j′k′jk , ϕ˜ijklϕ˜ijk′l′ = 8δk[k′δll′] − 2ϕ˜k′l′kl ,
ϕijkϕijk′ = 6δ
k
k′ , ϕ˜
ijklϕ˜ijkl′ = 24δ
l
l′ , ϕi
lmϕ˜jklm = −4ϕijk , (A.3)
where indices are raised and lowered with the metric (A.1).
A stable 3-form on the tangent space of Y reduces the structure group GL(7)→ G2
so that Y is a G2-structure manifold. Under this reduction, the 21-dimensional space
of 2-forms on Y decomposes into G2 representations as 21 = 7 ⊕ 14. Similarly, the
35-dimensional space of 3-forms on Y decomposes as 35 = 1⊕ 7⊕ 27. For any p-form
ω, let ωi := πiω denote the projection to the i-dimensional representation. Explicitly,
for any 2-form η and 3-form ω,
π7ηij =
(
1
3
δki δ
l
j − 16 ϕ˜ijkl
)
ηkl , (A.4a)
π14ηij =
(
2
3
δki δ
l
j +
1
6
ϕ˜ij
kl
)
ηkl , (A.4b)
π1ωijk =
1
42
ϕijkϕ
i′j′k′ωi′j′k′ , (A.4c)
π7ωijk =
(
1
4
δi
′
i δ
j′
j δ
k′
k − 38 ϕ˜[iji
′j′δk
′
k] − 124ϕijkϕi
′j′k′
)
ωi′j′k′ , (A.4d)
π27ωijk =
(
3
4
δi
′
i δ
j′
j δ
k′
k +
3
8
ϕ˜[ij
i′j′δk
′
k] +
1
56
ϕijkϕ
i′j′k′
)
ωi′j′k′ . (A.4e)
The 7-projections of 2- and 3-forms play an important role in the gravitino analysis.
We define for such projections the vectors fields10
ηi := 1
6
ϕijkπ7ηjk =
1
6
ϕijkηjk ⇔ π7ηij = ϕijkηk (A.5a)
ωi := 1
12
ϕ˜ijklπ7ωjkl =
1
12
ϕ˜ijklωjkl ⇔ π7ωijk = −12 ϕ˜ijklωl . (A.5b)
10That is, for any η ∈ Λ2(Y ) and ω ∈ Λ3(Y ), we are defining the vectors ~η and ~ω on Y such that
ι~ηϕ = π7η and ι~ωϕ˜ = 2π7ω.
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Note that this implies that there are conversion factors in squares
(ηi)2 = 1
6
(π7ηij)
2 and (ωi)2 = 1
6
(π7ωijk)
2 . (A.6)
These factors appear when we confirm the coefficients of the kinetic terms of all gauge
fields in the 7 in (4.11). The dual 4-form ϕ˜ acts on 2-forms as ϕ˜ij
klη7kl = −4η7ij and
ϕ˜ij
klη14kl = 2η14ij or
ϕ˜ijklηijηkl = −4η27ij + 2η214ij = −24(ηi)2 + 2η214ij . (A.7)
Momentarily, we will use similar equations on the space of 3-forms,
ωijkωijk = ω
2
1
+ ω2
7
+ ω2
27
gii
′
ϕ˜jkj
′k′ωijkωi′j′k′ = −4ω21 − 2ω27 + 23ω227
(ϕijkωijk)
2 = 42ω2
1
. (A.8)
The Hitchin functional is defined as the Riemannian volume
SH =
∫
d7y
√
g(ϕ) . (A.9)
Since this will be the main ingredient in our Ka¨hler term, it will prove useful to derive
the first few functional derivatives. The first derivative is the dual of ϕ
3!ǫijklmnp
δK
δFmnp
= ϕ˜ijkl , (A.10)
and the second derivative is (proportional to) the Hitchin metric on the moduli space
of G2 structures [15]
Gijk,mnp := − ∂
2
√
g(ϕ)
∂ϕijk∂ϕmnp
= 1
3!·3!
√
g
(
g[i|mg|j|ng|k]p + 1
18
ϕijkϕmnp + 3
2
g[m|[iϕ˜jk]|np]
)
.
(A.11)
The contractions (A.8) can be used to compute the signature
18ωijkG
ijk,lmnωlmn = −43ω21ijk − ω27ijk + ω227ijk (A.12)
in terms of G2 projections for any 3-form ω.
It will also be useful to introduce the intrinsic torsion forms τµ for µ = 0, 1, 2, 3 and
analogous quantities σµ for µ = 0, 1, 3 defined by [25]
dϕ = τ0ϕ˜+ 3τ1ϕ+ ∗τ3 , dϕ˜ = 4τ1ϕ˜+ τ2ϕ , (A.13a)
dC = σ0ϕ˜+ 3σ1ϕ + ∗σ3 , (A.13b)
where the subscripts indicate the degree as a form, and where we impose that τ2 trans-
forms in the 14 (so π14τ2 = τ2) and that τ3 and σ3 transform in the 27. (We could
make the analogous definition for the the components of d ∗ C but the action depends
only on C and dC; the C-field analogue of the torsion class τ2 is not gauge invariant.)
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B Old Minimal Supergravity
In this section we review the elements of old minimal supergravity (see e.g. [18–20])
used in this work. The component fields of spin 2 and 3
2
are described in terms of the
superspace analog of the conformal Weyl tensor Cabcd (the trace-free part of the Riemann
tensor Rabcd). Converting to spinor indices, Cαβγδ = C(αβγδ) is totally symmetric. (Any
anti-symmetric part can be isolated with εαβ and corresponds to a trace.) Its spin-
3
2
analog is the gravitino curl Wαβγ = W(αβγ). Together, they are contained within a
superfield Wαβγ (for which the gravitino curl is the bottom component) subject to the
conditions
D¯ .αWαβγ = 0 and ∂ .α
βDγWγβα = −∂α
.
βD¯
.
γW¯ .γ
.
β
.
α . (B.1)
Together these imply thatWαβγ contains, in addition to the gravitino field strength, the
component Weyl tensor as Cαβγδ = D(δWαβγ) and a U(1)R field strength as D
γWγβα.
For old minimal supergravity, the U(1)R connection is auxiliary and pure gauge, so that
DγWαβγ
eom
= 0 , (B.2)
where
eom
= 0 indicates that this combination vanishes only on-shell.
The full set of Bianchi identities is an off-shell version of these constraints. They
may be solved in terms of the conformal supergravity prepotential Ha. (We will need
only the linearized expressions.) Converting its 4-vector index into a bi-spinor index
using the Pauli matrices, the conformal supertensor is given in terms of it as
Wαβγ =
i
8
D¯2D(α∂β
.
γHγ) .γ ⇒ δHγ .γ = D¯ .γLγ −DγL¯ .γ . (B.3)
This combination ofD’s projects onto the desired irreducible superspin-3
2
representation
consisting of component spins (3
2
, 2) [46]. Equivalently, it is invariant under the huge
gauge transformation involving the unconstrained superfield parameter Lα, which allows
one to gauge away all but the spin-2 conformal graviton and spin-3
2
conformal gravitino.
For Poincare´ supergravity, this gauge transformation is too large: We are required
to reinstate the spin-0 part of the graviton (trace) and the spin-1
2
part of the gravitino
(gamma-trace). A closely-related statement is that it is not possible to construct a
two-derivative action from this representation alone.11 Following [47], this is done by
coupling conformally to a superfield with a scalar component that has a non-vanishing
background value. This scalar field is the conformal compensator. Different off-shell
11The conformal supergravity action
∫
d2θWαβγWαβγ is the supersymmetrization of the four-
derivative Weyl2 action.
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supergravity theories correspond to different choices for this scale compensator.12 Old
minimal supergravity involves a chiral scalar superfield Φ0 = e
σ, often written in an
exponential form as its background value is taken to be 1. Its linearized gauge trans-
formation is
δσ = − 1
12
D¯2DαLα . (B.4)
The quadratic action of old minimal supergravity is [18, 20]
SOMSG =
1
κ2
∫
d4x
∫
d4θ LOMSG , (B.5)
LOMSG =
1
8
HaD
βD¯2DβH
a − (∂aHa)2 + 1
48
([Dα, D¯ .α]H
α
.
α)2 − 3σ¯σ + 2i(σ − σ¯)∂aHa .
There is a modification [49,50] of this action in which the conformal chiral compen-
sator Φ0 is replaced with a slightly different representation in terms of a real prepoten-
tial. Generally, the chirality constraint on a generic chiral field can be solved in terms
of a complex scalar superfield XC,
D¯ .αΦ = 0 ⇒ Φ = −14D¯2XC . (B.6)
But a closer inspection of the components reveals that the same physical components
result from the restriction X¯C = XC =: X . In this representation, the scalar that was
the imaginary part of the F-component of Φ is replaced by the divergence of a vector,
iD2Φ− iD¯2Φ¯ = − i
4
[D2, D¯2]X = −∂α .α([Dα, D¯ .α]X) , (B.7)
or, equivalently, the dual of a four-form field strength. This is just the superspace
representation of the gauge 3-form Cabc [17], and one recognizes the superfield G and
its gauge 3-form prepotential X . It was already observed in [5] that this field strength
plays the role of the conformal compensator (at least in the gauge where Hi → 0).
This suggests that the 4D, N = 1 supergravity formulation best suited to the descrip-
tion of eleven-dimensional supergravity is given by this modification of old minimal
supergravity [49, 50] with the replacements13
e3σ → G = −1
4
D¯2X with δLX = D
αLα + D¯ .αL¯
.
α . (B.8)
12For a particularly enlightening classification of irreducible quadratic Poincare´ supergravity actions
and treatment of scale compensators, see [48].
13The relative normalizations of σ and G arise because G has conformal weight 3 while Φ0 is nor-
malized to have weight 1.
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The Lα gauge invariance can be exploited in several different ways. One choice is
to fix σ → 0. Another choice is to impose the Lorentz gauge
DαHα .α → 0 ⇒ LOMSG → −HaHa − 3σ¯σ . (B.9)
In this gauge, the component action reduces to that of linearized supergravity in
transverse-traceless gauge. Both of these are manifestly supersymmetric gauge choices,
but leave some unphysical component fields unfixed.
B.1 Wess-Zumino Gauge and Components
It is usually more convenient to impose a Wess-Zumino gauge choice that eliminates
all but the physical components. Using a vertical bar | to denote projection to θ = 0,
fixing certain components of Ha to zero restricts the superfield Lα:
Hα .α| = 0 ⇒ DαL¯ .α| = D¯ .αLα| , (B.10a)
DβHβ .α| = 0 ⇒ D2L .α| = −D¯ .αDαLα| , (B.10b)
D(βHα) .α| = 0 ⇒ D(βD¯ .αLα)| = D¯ .αD(βLα) = 0 , (B.10c)
D2Hα .α| = 0 ⇒ D2D¯ .αLα = 0 . (B.10d)
In addition, the ability to shift Lα by a chiral spinor implies we can always take Lα| =
DβLα| = D2Lα| = 0. At the θθ¯ level, we identify the spin-2 part of the graviton as
hspin-2
β
.
β α
.
α
:= −[Dβ , D¯ .β]Hα .α| (B.11)
and impose another WZ condition to ensure that the right-hand side is symmetric in
βα and
.
β
.
α so that hspin-2ba is symmetric and traceless. This fixes
D(βD¯
2Lα)| = 0 , Re DαD¯2Lα| = ∂aξa , (B.12)
where ξm is the linearized diffeomorphism
ξα .α := −i(D¯ .αLα +DαL¯ .α)| , δhspin-2ab = 2∂(aξb) −
1
2
ηab∂cξ
c . (B.13)
The N = 1 supersymmetry parameter is
ξα = −1
4
D¯2Lα| = 1
4
DαD¯ .αL
.
α| , (B.14)
and the spin-3
2
part of the N = 1 gravitino is
ψ
spin- 3
2
β
.
β α
= − i
4
D¯2D(βHα)
.
β| , δψβ .β α = 2∂ .β(βξα) . (B.15)
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The final WZ condition guarantees that no other fermions appear at the θθ¯2 level,
D¯2DαHα .α| = 0 ⇒ D¯2D2L¯ .α| = 2i∂α .αD¯2Lα| . (B.16)
The top component of Hα .α corresponds to the U(1)R gauge field,
dα .α = − 1
16
DβD¯2DβHα .α| , δda = ∂aω , ω = −1
8
Im DαD¯2Lα| . (B.17)
While Hα .α contains the component field content of N =1 conformal supergravity,
the compensator G contains a propagating complex scalar and Weyl fermion. These
transform as
δG| = −1
4
D¯2DαLα| = 3
4
∂aξ
a + 2iω , (B.18)
δ DαG| = −1
4
DαD¯
2DβLβ | = 3i ∂α .β ξ¯
.
β . (B.19)
We identify the spin-0 part of the metric as the real part of G|, and the spin-1
2
part of
the gravitino as the fermion DαG|, so that
hba :=
1
2
σ
.
ββ
b [Dβ , D¯
.
β]Ha|+ 1
3
ηba(G+ G¯)| , (B.20a)
ψβ
.
β α := − i
4
D¯2D(βHα)
.
β | − i
3
ǫβαD¯
.
βG¯| . (B.20b)
The U(1)R gauge transformation associated with ω may be used to set the imaginary
part of G| to zero; equivalently, it is eaten by the auxiliary gauge field da.14 The
remaining degrees of freedom are the θ2 components of G. These are the real auxiliary
dX and the 4-form field strength Fabcd, given by
Fabcd :=
i
8
ǫabcd(D
2G− D¯2G¯)| (B.20c)
dX :=
1
32
{D2, D¯2}X| . (B.20d)
Then the component Lagrangian for modified old minimal supergravity can be written
κ2LOMSG = −18(∂chab)2 + 14(∂bhab)2 + 18(∂ah)2 + 14h∂a∂bhab
+4
3
d2a − 13
(
d2X + F
2
abcd
)
. (B.21)
We will use this when comparing to the linearized eleven-dimensional action in §4.
14An alternative WZ gauge-fixing involves setting G| = 0 and DαG| = 0. Then the spin-0 part of
the metric and spin- 12 part of the gravitino are also contained within Ha. This alters the definitions
(B.20a), (B.20b) but leaves the Lagrangian (B.21) unchanged.
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C Gravitino Superfields
In this section, we will work out in detail the quadratic superspace actions for a
free spin-3
2
field and its spin-1 superpartner. In manifestly supersymmetric language,
we are considering the free massless superspin-1 multiplet which is often referred to
as a (matter) gravitino multiplet. Investigations into the precise form of this action
date back to the work of Ogievetsky and Sokatchev [51]. A second formulation was
discovered by de Wit and van Holten [52] and Fradkin and Vasiliev [53]. The relation
between these theories was elucidated at the level of superfield representation theory
in [22], at the level of supergeometry in [54], and from 4D, N = 2 superspace in [55].
In [24], the 5D gravitino superfield was discovered to be neither of these multiplets.
In modern terms, the basic matter gravitino model can be defined by the conformal
gravitino field strength Wαβi describing a set of irreducible super-spin-1 superfields,
with i denoting the additional gravitini. On-shell such a representation consists of a
spin-3
2
gravitino and a spin-1 “graviphoton”. This implies that the superfield satisfies
D¯ .αWαβi = 0 and D
βWαβi
eom
= 0 , (C.1)
where the second equation is required to hold only on-shell.15 We suppress the full set
of off-shell Bianchi identities which can be solved in terms of an unconstrained gravitino
prepotential superfield as
Wαβi = −14D¯2D(αΨβ)i . (C.2)
This expression has a large (pre-)gauge symmetry
δΨαi = Ξαi +DαΩi with D¯ .αΞαi = 0 (C.3)
and Ωi complex and unconstrained. We will be interested in the case where Ψαi trans-
forms also under the N = 1 conformal supergravity Lα transformation as in (3.17).
Before discussing the actions and compensating mechanisms in detail, it is useful to
discuss the off-shell components of Ψαi.
C.1 Wess-Zumino analysis
The gravitino superfield Ψαi, like the N = 1 supergravity prepotential Ha, is subject
to a large set of gauge transformations, here encoded in the parameters Ξαi and Ω. The
15There is a dual formulation of the superspin-1 multiplet with prepotential Ψαβ
.
β and field strength
Wαβ ∼ D¯
.
γD(α
[
2DγΨβ)γ .γ − D¯
.
βΨ¯β)
.
β
.
γ
]
[56] (see also §6.9 of [20]). We thank Sergei Kuzenko for
emphasizing this point to us.
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gauge parameter Ω appears under Dα, which means that it is defined only up to a shift
by an antichiral superfield. This means we may assume (without loss of generality)
Ωi| = D¯ .αΩi| = D¯2Ωi| = 0. Turning to Ψαi itself, a number of WZ conditions can be
imposed. These in turn constrain the residual gauge symmetries within Ξ and Ω:
Ψαi| = 0 ⇒ Ξαi| = −DαΩi| , (C.4a)
DαΨαi| = 0 ⇒ DαΞαi| = −D2Ωi| , (C.4b)
D(βΨα)i| = 0 ⇒ D(βΞα)i| = 0 , (C.4c)
D¯ .αΨαi| = 0 ⇒ D¯ .αDαΩi| = ∂iξα .α , (C.4d)
D2Ψαi| = 0 ⇒ D2Ξαi| = 0 , (C.4e)
DαD¯ .αΨαi| = 0 ⇒ DαD¯ .αDαΩi| = 8i ∂iξ¯ .α , (C.4f)
D¯2Ψαi| = 0 ⇒ D¯2DαΩi| = 8i ∂iξα , (C.4g)
D¯2DαΨαi| = 0 ⇒ D¯2D2Ωi| = 6i ∂i∂aξa . (C.4h)
Note that certain components of Ωi are related to the internal derivatives of the diffeo-
morphism and N = 1 supersymmetry parameters ξa and ξα. This is a consequence of
the ∂iLα term in the gravitino superfield transformation (3.17).
The spin-3
2
part of the extended gravitino is defined as the remaining θθ¯ component:
ψ(β
.
β α)i := −iD(αD¯ .βΨβ)i| , δψ(β .β α)i = 2 ∂ .β(βξα)i| , ξαi := Ξαi| . (C.5)
The remaining components of Ψαi are auxiliary fields that can be defined as
yα .α i := −14D2D¯ .αΨαi| , (C.6a)
tαβi := −1
4
D¯2D(αΨβ)i| , (C.6b)
ραi :=
1
3
DβD¯2D(αΨβ)i| . (C.6c)
The component tαβi = Wαβi| describes an anti-self-dual rank-two tensor, and ραi must
play the role of a Lagrange multiplier due to its high dimension. Being Ω and Ξ
invariant, these only transform under the Lα transformations. The auxiliary vector yai
is in contrast subject to complex gauge transformations
δyai =
i
2
∂aD
2Ωi| . (C.7)
In Wess-Zumino gauge, the only residual gauge symmetries are the extended supersym-
metry (C.5) and the bosonic symmetry associated with D2Ωi|.
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The residual gauge transformation of the gravitino multiplet associated with the 7
complex parameters D2Ωi| will allow 14 of the residual bosonic fields to be eliminated,
or equivalently, eaten by the auxiliary field yai. We have already mentioned that the
bottom component of Hi must be unphysical. Its gauge transformation turns out to be
δHi| = i
2
DαΞαi| − i
2
D¯ .αΞ¯
.
α
i | = ImD2Ωi| , (C.8)
and so one can exploit half of the residual gauge symmetry of the gravitino multiplet
to eliminate it. This fixes D2Ωi| = D¯2Ω¯i|. The other scalar fields are contained within
Φijk|. These transform as (3.34b), which in the gauge Hi| = 0 implies
δΦijk| = − i
2
ϕ˜ijklReD
2Ωl| . (C.9)
This ensures that only the imaginary part of Φijk| transforms,
δFijk = −1
2
ϕ˜ijklReD
2Ωl| (C.10)
while the 3-form Cijk is invariant. The residual gauge symmetry associated with
ReD2Ωl| ensures that we can eliminate the 7-component of Fijk.
Finally, we find that the KK vector field transforms under Ωi as
δAiα .α =
1
2
[Dα, D¯ .α]δV i| = −1
4
[Dα, D¯ .α](Ω
i + Ω¯i)| = ∂iξα .α , (C.11)
consistent with its interpretation as the component gmi of the 11D metric. Note this
result requires a precise interplay between the Ωi and Lα transformations of the grav-
itino superfield in WZ gauge. In contrast, the Ωi transformation leaves the vector fields
Aija inert, as expected at the linearized level.
C.2 Actions and Compensators
Similarly to conformal supergravity, it is not possible to write a 1-derivative Rarita-
Schwinger action for the conformal gravitino alone. (The only conformal invariant is
the 2-derivative action
∫
d4x d2θW αβiWαβi.) To write an action, we require the analog
of a scale compensator. Recalling the N = 1 old minimal supergravity action, we would
expect such a compensator to provide (in WZ gauge) the missing spin-1
2
component of
the gravitino as well as the longitudinal mode of the auxiliary vector yai (C.6a).
In this section we will include all possible compensator couplings from the outset.
This includes superspins 1
2
+ ⊕ 1
2
+ ⊕ 1
2
− ⊕ 0 corresponding to real and imaginary vector
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multiplets, a tensor multiplet, and a scalar multiplet [22]. For simplicity, we will ignore
any internal y derivatives here. The most general quadratic action is of the form
L =
∫
d4θ LD +
∫
d2θ LF +
∫
d2θ¯ L¯F (C.12)
with (suppressing the index i now)
LD = a0E¯
α
.
αEα .α + a1E
α
.
αEα .α + a¯1E¯
α
.
αE¯α .α + a2B¯B + a3B
2 + a¯3B¯
2
+ [Ψα (a4Wα + a5Wα + a6DαF + a7DαH) + h.c.] + a8F 2 + a9H2 (C.13a)
LF = a10WαWα + a11W αWα . (C.13b)
Here we have defined the complex potentials
Eα .α := D¯ .αΨα and B := D
αΨα . (C.14)
This action is required to be invariant under the gauge transformations (C.3) and
δΣα = −Ξα , δV = ImΩ , δΦ = −iD¯2Ω¯ , δV = −ReΩ (C.15)
or, for the compensator “field strengths”
δH = 1
2i
(
D¯Ξ¯−DΞ) (C.16a)
δWα = −14D¯2DαImΩ (C.16b)
δF = −1
2
(
D2Ω + D¯2Ω¯
)
(C.16c)
δWα = 14D¯2DαReΩ . (C.16d)
The Ξ transformation imposes the strong condition that Ψ and Σ appear only in the
combinationΨ := Ψ+Σ. The form of the field strength H then implies (a2, a3, a7, a9) =
( c
2
,− c
4
, ic, c) with c ∈ R, so that these terms must all appear in the combination
H = 1
2i
(
DΨ− D¯Ψ¯) = H + 1
2i
(
B − B¯) ⇒ δH = 1
2i
(
D2Ω− D¯2Ω¯) (C.17)
as a square. Imposing Ω invariance, we find that (a0, a1) = (a, b) ∈ R × C remain
undetermined with (a4, a5, a6, a8, a10, a11) = (2(a+b), 2i(a−b),−(a+c), a+c, a+b, a−b).
Then, the action can be written as
LD = aE¯
α
.
αEα .α +
b
4
Eα
.
αEα .α +
b¯
4
E¯α
.
αE¯α .α + cH
2 + (a+ c)F 2 +ΨαJα + Ψ¯ .αJ¯
.
α
LF = (a + b)WαWα + (a− b)W αWα (C.18)
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in terms of the matter current coupling
Jα = 2(a+ b)Wα + 2i(a− b)Wα − (a+ c)DαF . (C.19)
We now project this action to components. The bosonic Lagrangian is
L = c
2
(∂aH)
2 − c
2
H˜2a − a+c2 F 2a − a+c2 (∂aF )2 − (a− b)F 2ab − (a + b)F2ab
− a
2
(ya + y¯a)
2 + a+c
2
(ya − y¯a)2 + b2tαβtαβ + b¯2 t¯ .α .β t¯
.
α
.
β
+ (ya + y¯a)ˆa + i(y
a − y¯a)ˇa + 12 tαβjαβ + 12 t¯ .α .β ¯
.
α
.
β . (C.20)
Here we are defining the component currents
ˆa = (a + c)Fa + c ∂aH , ˇa = (a+ c)∂aF − cH˜a
jαβ = 2(a+ b)Fαβ + 2i(a− b)Fαβ (C.21)
where
Fαβ := D(αWβ)| , Fab = −(σab)αβFαβ − (σ¯ab)
.
α
.
βF .α
.
β , (C.22)
Fα .α :=
1
2
[Dα, D¯ .α]F | , H˜α .α := 12 [Dα, D¯ .α]H| (C.23)
The auxiliary fields are contained in the second and third lines of (C.20), which we
denote Laux. Note that if c = −a, Im ya becomes a Lagrange multiplier.16 Iintegrating
out auxiliary fields (assuming none of a, b, or c + a vanish),
Laux → − c2(∂aH)2 + c
2
2(a+c)
H˜aH˜a +
(a+c)2
2a
F aFa +
a+c
2
(∂aF )
2
+ m11
2
F 2ab +m12F
abFab + m222 F2ab , (C.24)
where we have dropped total derivative terms like F ∧F . The coefficients of the gauge
field kinetic terms are complicated and given by
m11 = −1b (a− b)2 − 1b¯ (a− b¯)2 , m12 = − ib(a2 − b2) + ib¯(a2 − b¯2) ,
m22 =
1
b
(a + b)2 + 1
b¯
(a+ b¯)2 . (C.25)
This simplifies when b2 is a real number. The case of most interest to us (and extended
supergravity in general) is when b is a nonzero real number,
m11 = −2b (a− b)2, m12 = 0, m22 = 2b (a+ b)2, for b ∈ R× . (C.26)
16This is the case in the five-dimensional model [24], where Im ya trivializes the dynamics of the
would-be 2-form which is not in the spectrum of five-dimensional fields. This interpretation is confirmed
by an analysis of the field strengths of the theory [57].
44
Including the kinetic terms in the first line of (C.20) gives
L(a,b,c) = − ac
2(a + c)
H˜2a +
c(a+ c)
2a
F 2a −
a
b
(a− b)F 2ab +
a
b
(a+ b)F2ab . (C.27)
The scalar fields F andH have dropped out of the action for any value of the parameters
a, b, and c. This is a straightforward consequence of gauge invariance, as in Wess-
Zumino gauge, the scalars F and H transform as
δF = −1
2
(D2Ω + D¯2Ω¯)| , δH = 1
2i
(D2Ω− D¯2Ω¯)| . (C.28)
They can both be set to zero by a D2Ω| gauge transformation. Equivalently, they are
always eaten by the auxiliary gauge field ya (C.6a), which is then integrated out.
C.3 Comments
The (matter) gravitino multiplet is encoded in a spinor superfield, which is reducible
as a representation of the 4D, N = 1 super-Poincare´ algebra containing superspins
1⊕ 1
2
+⊕ 1
2
+⊕ 1
2
−⊕ 1
2
−⊕0 [22].17 (Strictly speaking, retaining all superspins does not give
a gauge multiplet.) At special points in the space of quadratic gravitino Lagrangians,
this superspin content is reduced. When b = a, one of the vector multiplets decouples
and we recover the results of Butter and Kuzenko. Further setting c = −a recovers the
model of Ogievetsky and Sokatchev, whereas setting c = 0 gives that of de Wit and van
Holten and Fradkin and Vasiliev. Note that flipping the sign of b simply interchanges
the role of the two vector multiplets. The gravitino sector of the 5D,N = 1 supergravity
model of [24,26,57] has (a, b, c) = (−1, 2, 1). Although this latter model was presented
with its compensators gauge-fixed, we see from this analysis that these correspond to
two vector multiplets and a tensor multiplet with the scalar decoupling since a+ c = 0.
Finally, we found in section 3.4 that eleven-dimensional supergravity corresponds to the
point (a, b, c) = 1
4
× (−1, 2,−1). Note that this is a quite generic gravitino multiplet,
missing only one superspin 1
2
−
representation. These special values are collected in
table 7.
Returning to the case appropriate to 11D, an important fact is that the ratio a
b
= −1
2
is the same for the eleven-dimensional theory as it is for the five-dimensional one. The
significance of this is that the Lagrangian depends only on Eia − E¯ia and not the other
17This language is that of irreducible representations of the four-dimensional super-Poincare´ algebra.
Superspin 1 contains ordinary spins (32 , 1),
1
2
+
contains (1, 12 ) corresponding to a vector multiplet.
Superspins 12
−
and 0 both correspond to spins (12 , 0), but the first is a 2-form gauge supermultiplet
and the second is a scalar multiplet.
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theory references b c supergravity superspin [22]
OS [51] a −a 4D, N = 2 1⊕ 1
2
+ ⊕ 1
2
−
dWvHFV [52, 53] a 0 4D, N = 2 1⊕ 1
2
+ ⊕ 0
LLP [24, 57] −2a −a 5D, N = 1 1⊕ 1
2
+ ⊕ 1
2
+
BBGRL [5] −2a a 11D 1⊕ 1
2
+ ⊕ 1
2
+ ⊕ 1
2
− ⊕ 0
Table 7: Gravitino multiplets
The generic spinor superfield contains superspins 1⊕ 12
+⊕ 12
+⊕ 12
−⊕ 12
−⊕ 0. At special points in the
parameter space of gravitino Lagrangians L(a,b,c) (C.18) this superspin content is reduced. The two
4D, N = 2 entries correspond to distinct off-shell 4D, N = 1 embeddings [55].
linear combination. We already saw the analogous statement for B: The action depends
only on the imaginary combination B − B¯ and not the real one so
L(a,−2a,c) =
∫
d4θ
[
−a
2
E
a
iE
i
a + cH
iHi + (a+ c)FiF
i +Ψαi J
i
α + Ψ¯
.
αiJ¯
.
αi
]
+2a
∫
d2θ
[
3W αi W
i
α −Wαi W iα
]
(C.29)
where Eai := Eai−E¯ai = D¯ .αΨαi+DαΨ¯ .αi. Both of these statements are important when
considering Y -dependence of the supergravity gauge parameters Lα, because they imply
that it is possible to covariantize the conformal supergravity “mass” terms (∂iHa)
2 →
(∂iHa +Eai)
2 by defining the gravitino transformation δΨαi ∼ 2i ∂iLα [24].
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